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Abstract

In many applications, treatments are assigned based on unit features, leading to personal-
ized treatment policies. This often involves optimizing objective functions with counterfactual
quantities such as the conditional average treatment effect (CATE). In practice, some key fea-
tures may be measured with error and ignoring such errors can introduce systematic bias. We
study how to design personalized treatment policies when some features are latent and only
noisy measurements are available. We ask how policies can be constructed when the CATE is
not identifiable, and how uncertainty from measurement error can be incorporated into policy
design. We propose two frameworks for treatment policy design based on partial identification,
focusing on the measurement mechanism—the conditional distribution of observed measurements
given unobserved features. The first framework builds on ideas from proximal causal inference.
The second adopts a Bayesian approach, using a reparametrization of the likelihood to obtain
the posterior distribution of the parameters of interest. We use Hamiltonian Monte Carlo with
the No-U-Turn Sampler as implemented in Stan to update model parameters. Quantiles of the
posterior distribution are used to construct Bayesian credible interval for the CATE. Treatment
policies are then derived by comparing the null value of the CATE to these bounds. The pro-
posed methods provide a coherent way to account for measurement error and model uncertainty
in personalized treatment policy design.

1 Introduction

In many applications, the goal is to assign treatments based on unit-level features, leading to
personalized treatment policies. These policies are typically constructed by optimizing objective
functions involving counterfactual quantities such as counterfactual risks, the average treatment
effect (ATE), and the conditional average treatment effect (CATE) (Zhao et al., 2012; Zhang et al.,
2012; Dudik et al., 2014; Swaminathan and Joachims, 2015; Luedtke and Van Der Laan, 2016;
Athey and Wager, 2017; Kallus, 2017; Zhou et al., 2017). Most approaches are developed assuming
unconfoundedness, under which the relevant value functions can be point identified from observed
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data. However, in most real-world settings, key unit features required for identification may be
unavailable, only partially observed, or measured with error. In such cases, the relevant value
functions may fail to be point identified. Ignoring missing or mismeasured features can therefore
lead to not only biased estimation of treatment effects, but also distorted value function evaluation
and, consequently, systematic bias in treatment policy design.

There is a growing literature on treatment policy design in the presence of unobserved confounding.
Kallus et al. (2019) proposed sensitivity-model-based methods that construct interval estimates
for the CATE, and later developed a minimax regret framework for robust policy learning that
optimizes treatment rules against worst-case violations of unconfoundedness within a sensitivity
model (Kallus and Zhou, 2021). Cui and Tchetgen Tchetgen (2021) and Qiu et al. (2021) developed
instrumental variable frameworks that leverage identification strategies under additional structural
assumptions. Xu et al. (2021) proposed a deep proxy causal learning for off-policy evaluation in
a confounded bandit problem. Shen and Cui (2023) and Qi et al. (2024) incorporated proximal
causal inference into treatment rule learning by exploiting proxy variables for latent confounders to
recover causal effects without relying on unconfoundedness assumptions. These works highlight the
importance of explicitly accounting for unmeasured confounding in policy design, further motivating
careful study of policy design under latent and mismeasured covariates.

In this work, we study how to design personalized treatment policies when certain key features
are unobserved and only noisy measurements are available. In particular, we consider the setting
where the underlying latent variable is discrete and its observed proxy is also discrete. This setup
arises naturally in many real-world problems. For example, in medical settings, a patient’s true
disease severity category may not be not directly observed, while only a physician-assigned stage
or triage category is recorded. Such observed classifications are often subject to measurement
error due to imperfect diagnostic tests, limited information at the time of assessment, or subjective
clinical judgment (Ball et al., 2015; Young et al., 2018). We ask how treatment policies can be
constructed when the CATE is not identifiable, and how uncertainty arising from measurement
error can be incorporated into policy design. Under settings with discrete unobserved features, we
formally establish the non-identifiability of the CATE. We then propose two novel frameworks for
treatment policy design based on bounds estimates, focusing on the measurement mechanism—the
conditional distribution of observed measurements given unobserved features. The first framework
is based on ideas from proximal causal inference and requires mild invertibility of the measurement
mechanism, providing conservative bounds on the CATE. The second framework adopts a Bayesian
perspective in which, through a reparametrization of the likelihood function, we calculate the
posterior distribution of the parameters of interest. We use data augmentation for latent variables
together with a Gibbs sampler employing Hamiltonian Monte Carlo updates for model parameters.
To flexibly model infinite-dimensional nuisance components, we use Gaussian processes to model
nuisance functions involving covariates. We use quantiles of the posterior distribution to obtain
bounds for the CATE. The resulting bounds from each framework are then used to construct
treatment policies based on the position of the null value of the CATE relative to these bounds.



2 Problem Description

Let A€ A= {0,1} denote a binary treatment, Y € ) the observed outcome, and X € X a vector
of observed pre-treatment covariates. Throughout the paper, we assume that larger values of the
outcomes Y are more preferable. Let U € U represent unobserved confounders of the treatment—
outcome relationship. We additionally have access to W € W, which is an error-prone measurement
of U. We consider two types of measurement mechanisms defined as follows.

Definition 1. The measurement mechanism is called potential-outcome non-differential if W sat-
isfies

WU{Y@ A X}Y|U  ae{0,1},
and it is called conditionally non-differential if W satisfies
WAL {Y@ A} | {U,X},  ae{0,1}.
We consider the setting in which W and U are both categorical with number of levels k,, and k,,
such that W and U take values in {1,...,k,} and {1,..., k,}, respectively. Throughout the paper,
we assume k,, > k,. Let Y (@) denote the potential outcome that would be observed if treatment

were set to value a. In our setting, we observe independent and identically distributed samples
D = {A;, X;, W;,Y;}* | drawn from the target distribution.

2.1 Treatment Regimes and Treatment Policy Design

A treatment regime g is a deterministic decision rule mapping the covariate space to the treatment
space A. Under a regime g, let Y9 denote the corresponding potential outcome, and write its
population mean as E[Y(g)]. We consider the following two types of optimal regimes depending on
the information available for decision making.

Definition 2 (X-optimal regime). The X -optimal regime gopi—x assigns treatment a given x € X
as

Gopt—x () := argmax,e (o 13 ta(),
where pig(z) == E[Y(@ | X = z].

Definition 3 ((X, W)-optimal regime). The (X, W )-optimal regime gop.(x,w) assigns treatment a
given x € X and w € {1,...,ky} as

Gopt-(X,W) ($, ’UJ) = arg maXaE{O,l}:ua(x7 w)a

where g (z,w) :==E[Y® | X =2, W = w)].

For comparison, we also introduce a third regime of interest, namely the naive regime, which ignores
the latent structure.



Definition 4 ((X, W)-naive regime). The (X, W)-naive regime gnaive-(x,w) assigns treatment a
given x € X and w € {1,...,ky} as

Inaive-(X,W) (337 w) = arg maxae{o,l}ma(m’ w)a

where mg(z,w) :=E[Y | A=0a,X =2, W = w|

The following propositions state that (X, W)-optimal regime is always better than, or at least as
good as X-optimal regime and (X, W)-naive regime in terms of potential outcome means.

Proposition 1. The (X, W)-optimal regime outperforms the X -optimal regime in the sense that,

E[Y(gamf(x,w))] > E[Y(gopt—X)].

Proposition 2. The (X, W)-optimal regime outperforms the (X, W)-naive regime in the sense
that,

E[Y(gopt-(X,W))] Z E[Y(gnaz‘ve-(X,W))] .

Proposition 1 follows from enlarging the information set used for treatment assignment, i.e., the
regime gopne-(x,iw) uses more observed information compared to gopt-x, as it is optimized not only
with respect to X but also with respect to W. Proposition 2 does not rely on enlarging the
information set, as both regimes are functions of (X, W). Instead, it follows from the fact that
Inaive-(X,w) is constructed by optimizing a misspecified value function that treats W as a sufficient
adjustment variable and ignores residual confounding through the latent variable U. Consequently,
Inaive-(x,w) need not maximize the true counterfactual value function E[Y(g)], whereas gopt-(x,w)
is defined to do so.

Although gopi-(x,w) is population-level optimal relative to the other two regimes, its identification
presumes knowledge of the corresponding conditional mean function p,(x,w). In the presence of
the latent confounder U, however, neither p,(x,w) nor p.(x) is point identified, as established
in Section 2.2. Consequently, neither the (X, W)-based optimal regime Jopt-(x,w) nor the X-
based optimal regime gopi-x can be directly recovered from the observed data. This lack of point
identification motivates bounds estimation on the conditional mean functions to inform treatment
assignment.

Remark 1. It is important to distinguish between bounds estimation of the conditional mean func-
tions and bounds estimation of the conditional average treatment effect (CATE). Following Lau-
rendeau et al. (2025), identification of Gopt-(X,W)s Gopt-Xs OT Gnajve-(X,w) does not require point
identification of the corresponding conditional mean functions. Instead, it is sufficient to determine
the sign of the relevant CATE.

Specifically, define the (X, W)-CATE,
r(z,w) =EYWN v O | X =2 W = w] = pi(x, w) — po(z, w),
the X-CATE,

7(z) = EYW = YO | X = 2] = i (2) — po(x),



and the naive (X, W)-CATE,
Tnaive(Z,w) =E[Y | A=1,X =2, W=w]-E[Y | A=0,X =2, W = w|] = mi(z,w) — mo(x,w).

If the sign of the corresponding CATE is identified, then the associated optimal regime is identified,
since treatment is assigned whenever the CATE is positive.

The observed-data conditional mean functions mg(xz,w) are directly identifiable from the observed
data. In contrast, the causal conditional mean functions p,(x,w) and p.(x) are generally not point
identified under proxy measurement error, motivating the need for bounds. Bounds on the condi-
tional mean functions immediately induce bounds on the corresponding CATE by taking differences.
In Section 3, we focus on partial identification of the conditional mean functions and obtain CATE
bounds through this construction. In Section 4, we adopt a Bayesian approach and directly derive
posterior credible intervals for the CATE.

Finally, even if the CATE itself is bounded, its sign may remain unidentified whenever the resulting
bounds contain zero. In such cases, the optimal treatment decision cannot be uniquely determined
from the available information, and treatment recommendations must account for this residual
uncertainty.

2.2 Identifiability under Latent Confounding

In this section, we study the identification properties of the conditional mean functions pg(z,w)
for a € {0,1}, for all z € X and w € {1,...,k,}. We begin by introducing the following standard
causal identifiability assumptions.

Assumption 1 (Latent unconfoundedness).
Y@ 1 A|{U X}, forae{0,1}.

Assumption 2 (Consistency). Y = Y@ when A = a almost surly for a € {0,1}.
Assumption 3 (Positivity). p(a | X,U) > 0 almost surly for a € {0,1}.

Remark 2. Assumption 1 is a much weaker version of standard unconfoundedness assumption, as
it only requires conditional independence after adjusting for the latent confounder U in addition to
X.

In the presence of latent confounding through U, 4 (z, w) is not identifiable from the observed data,
even after imposing Assumptions 2 and 3. The difficulty arises because the observed distribution
does not determine how the latent variable U contributes to the conditional mean. The following
proposition formally establishes this non-identifiability.

Proposition 3. Under the potential outcome non-differential measurement mechanism and As-
sumptions 1-3, the conditional mean pq(x,w) is not identified.

To better under stand the source of this non-identifiability, it is helpful to consider explicit rep-
resentations of the joint distribution involving W and U, which we now examine in our discrete



setting. Define the k,, x k, conditional probability matrix P(W | U) as,

pW=1|U=1) pW=1|U=2) ... p(W=1|U=k,)
P 10 p<W=2:|U=1> p<W=2:rU=2> - p<W=2'|U=k:u>
PV =k [U=1) p(W=ky |U=2) ... p(W=hy|U=k)

We call this the measurement mechanism matrix, since the probability distribution describes how
W is generated according to U. It captures the uncertainty in the measurement process. In other
words, even if U were fixed, W could still vary due to measurement errors. To illustrate that it is
the source of non-identifiablity, we first introduce two invertibility assumptions.

Assumption 4. The matric P(W | U) is left-invertible.

Assumption 5. For every x € X and a € {0,1}, define the ky, X k, matriz

PU | W,a,z):= (p(U:j]W:i,A:a,X:x)) fori=1...ky, andj=1... k,.

kw Xky

We assume that P(U | W, a, z) is left-invertible.

The following result shows that under the potential-outcome non-differential measurement mech-
anism and Assumptions 1-3 and the invertibility assumptions, p,(z,w) can be recovered from the
observed distribution if the matrix P(W | U) is known.

Proposition 4. Under the potential-outcome mon-differential measurement mechanism and As-
sumptions 1-5, if the measurement mechanism P(W|U) is known, then for each a € {0,1} and
x € X, the conditional mean pq(x,w) is identifiable for all w € {1,...,ky} from the observed
conditional expectation mq(x,w) and the joint conditional distribution P(W, A | X = z).

Remark 3. Proposition 4 can be viewed as a first-moment counterpart to the results in (Kuroki
and Pearl, 2014) on the level of first moment. Whereas their analysis focuses on recovering the
full potential outcome distribution under measurement error, our result require only conditions
sufficient for identifying the conditional mean pq(z,w). In addition, our framework accommodates
continuous outcomes and allows for the presence of observed covariates in the system.

The above result highlights the central role of the measurement mechanism matrix P(W | U) in
resolving the non-identifiability issue described earlier in 3. In practice, however, P(W | U) is not
observed. The remainder of the paper therefore proceeds along two directions: first, we consider
the case where no additional assumptions are imposed on P(W | U), and instead work with
partial identification for the coarser conditional mean p,(x), which may allow bounds estimates
of the X-CATE, and thereby yield an X-based treatment regime; second, we introduce structural
assumptions on P(W | U) that enable credible-interval-based bounds estimation of the desired
conditional mean function pu,(z,w) using Bayesian analysis, thereby informing the sign of the
(X, W)-CATE and the construction of an (X, W)-based treatment regime.



3 Partial-Identification Bounds under Unrestricted Measurement
Mechanisms

In this section, we propose a method for designing the X-based treatment policies that does not
impose additional assumptions beyond the baseline assumptions already in place. In particular, we
impose no further restrictions on the measurement mechanism matrix. Given the non-identifiability
of pg(z, w), we shift our focus to the coarser causal estimand p,(x) for each a € {0,1} and =z € X.
A direct consequence of Proposition 3 is that u,(z) is also not identified, as it can be obtained by
marginalizing . (x,w) over W. We therefore develop a method that exploits W as a proxy for the
latent variable U to partially identify this quantity, which can be later used to bound 7(X) and
facilitate the construction of X-based regime.

Note that, to partially identify yq(z), it sufficies to partially identify E[Y® | A =1 —a, X = z].
We derive two partial identification results by assigning different causal roles to the proxy variable
W. We first treat W as an outcome-inducing confounding proxy.

Assumption 6 (Bridge functions). (1) There exists a non-negative bridge function h such that
almost surely

E[Y | A, X,U] = E[h(W, A, X) | A,X,U).

(2) There exists a non-negative bridge function q such that almost surely

Elgq(W, A, X) | A, X,U] = p(g((|]1| ;lf‘;;f)

Proposition 5. For any a € {0,1} and x € X fized, we have the following results.

1. Outcome-inducing confounding proxy bounds: Under the conditionally non-differential
measurement mechanism, Assumptions 1-4, and Assumption 6 (1), we have,

Lgut(aﬁ) < E[Y(a) |A=1—-a,X =12] < U;ut(x)a

where

| L pW=w[A=1-aX=1)

Iout = f p( ’

o (x) max{ln y,we{ff_l_?kw} p(W=w|A=a,X =1
out . p(W:w|A:1_a’X:$)

UCL ("L‘) mln{supy’wegll’l,%.},(kw} p(W:w|A:a7X:I') [ | ay x}

]E[Y]A:a,X:z]},

2. Treatment-inducing confounding proxy bounds: Under the conditionally non-differential
measurement mechanism, Assumptions 1-5, and , and Assumption 6 (2) we have,

Li(z) <EY®|A=1-0a,X = 2] <U"(z),
where

Li(@):= min, ma(z,w), Ud (@)= _ max  ma(,w).



Combining the preceding results, we obtain the following bounds for E[Y(“) | A=1-aX =
x] under the conditionally non-differential measurement mechanism and Assumptions 1-6. Let
Lo(z) = max{L2"(x), Li"(2)}, and Uy(x) = min{U " (x), U (x)}, then

Lo(x) <EY@ | A=1-0a,X =] <U,(z), VzeX andac {0,1}.

Remark 4. Proximal causal inference often distinguishes between treatment-inducing confound-
ing proxies, outcome-inducing confounding proxies, and variables that serve as common causes of
treatment and outcome. The conditionally non-differential measurement mechanism indicates that
the proxy W satisfies both of the first two roles: it may be a potential cause of both the treatment
and outcome, but any association with either is only through the latent confounder U. Therefore,
distinct partial identification results can be obtained depending on whether W is viewed as a a
treatment- or outcome-inducing confounding proxy.

By marginalizing over the treatment assignment, these bounds translate directly into bounds on
e (z) for each x € X and a € {0,1}. Taking differences then yields bounds on the X-CATE 7(x).

Theorem 1. Under the conditionally non-differential measurement mechanism and Assumptions
1-6, for each x € X and a € {0,1}, let Lo(x) and Uy(zx) be defined as in Proposition 5. Set
p () =EY |A=a X =zlp(A=a|X =2)+ Lo(z)p(A=1-a| X =2z),
foz) =EY |A=a, X =zp(A=a| X =2)+Us(z)p(A=1—0a| X =zx).
Then,
L(z) < 7(x) <U(x),

where

L(z) = p, () = fio(x),  U(x) = i () — ().

4 Posterior-Credible Bounds under Structured Measurement Mech-
anisms

4.1 Parameterized Measurement Mechanism

In this section, we propose a Bayesian approach for designing the (X, W)-based treatment policies
by introducing additional structure on the measurement mechanism matrix. Specifically we posit a
specific parametric model for the matrix P(W | U) and adopt a Bayesian framework to obtain the
posterior distribution of 7(x,w). This parametrization substantially reduces the degrees of freedom
of P(W | U)—from kyk, — k, free parameters to a one-dimensional family. Given value of this
parameter, the (X, W)-CATE is recovered.

We begin by characterizing pi,(z, w) in terms of the observed data and the measurement mechanism
matrix. For each X = z, let P(W | z) be a k,, x 1 vector with P(W | z); = p(W =j | X = z)
for j =1,...,ky, and similarly define the k,, x 1 probability vector P(W | a,x). For expectations,
let B(Y@ | W,z) denote a k, x 1 vector with E(Y(® | W,z); = E[Y(@ | W = j, X = 2] for
j=1,..., ky, and similarly define the k,, x 1 expectation vector E(Y | W, a, z).



Theorem 2. Under the potential-outcome non-differential measurement mechanism and Assump-
tions 1-5, the conditional expectation of the counterfactual outcome admits the following represen-
tation:

B(Y | W, z)
= {POW | U)o [POW | &)~ (P'W | )POW [ 2) ] }

: {(P(W L a,z) {(PYW | U)P(W | a,2)) " o P(W | U))TE(Y | W,a,x)}, (1)

where T denotes the matrix inverse when the matriz is square, and the Moore—Penrose pseudoinverse
otherwise. By taking difference of the above equation when a =1 and a = 0, 7(z,w) for all w is
also recovered for each x given.

Note that if the matrix P(W | U) is the identity matrix Iy for k,, = k, = k, we have,
E(Y | w,z)
{10 [PW | 2)PwW | )| H (POV] a,.2) POV [ a,2)7 oIk>_1E(Y | W,a,2))
=E(Y | W,a,x).

In this case, the relationship between W and U is deterministic, with a one-to-one mapping between
their states; that is, W and U are effectively the same variable up to relabeling. Consequently,
observing W is equivalent to observing U, and under the potential-outcome non-differential mea-
surement mechanism and Assumptions 1-5, the conditional mean pu,(z,w) is identified as m,(w, x).

This represents an ideal scenario where W is a perfect proxy of U. However, in practice, measure-
ment error could arise due to limitations of the measuring instrument or inherent randomness in
the data collection process. Motivated by the true/assigned disease severity category example, we
propose a model such that the uncertainty in the measurement mechanism between W and U can
be quantified by the model class parameter.

Definition 5 (Truncated Discrete Normal Distribution). Let p,o € R with o > 0. The truncated
discrete Normal distribution with mean p uncertainty o and support K is denoted N%D(M, o?). It
is a probability distribution defined by,

e~ (e-1)?/20

p(X =z) = ZyE/C o~ (y—1)?/202"

For the supports W = {1,...,ky,} and U = {1,... k,} of W and U respectively, we assume the
distribution of W given U = u follows the following distribution,

WU =u~NL(u,0?), foruecld.

Under this model, the mode of W | U = w for each u is obtained at w = u, and the uncertainty in the
measurement mechanism between W and U is quantified by the variance parameter o2. In particu-
lar, when o2 | 0, the matrix converges to the identity matrix, where there is no uncertainty. When
o2 increases, more uncertainty will be introduced in the measurement mechanism. Eventually, the

bound estimates for p, (2, w) will become trivial when o2 reaches a certain threshold.



Thus, we have written each element in the measurement matrix as a function of the parameter
o2, which we now denote as P(W | U;0?), and further, the Equation (1) can also be written as a
function of o2 for each w and a.

4.2 Bayesian Inference and Quantile-Based Bounds

In practice, the parameter o governing the measurement mechanism is unknown and cannot be

fully recovered from the observed data. We therefore adopt a Bayesian approach and place prior

distributions on o?. We begin by parameterizing the likelihood function. Define the nuisance

function vector r = (ry,..., 7, ), where
ru(y,0,2) =pU=u|Y =y, A=a,X =x;7), uwe{l,... ku},

Under the potential-outcome non-differential measurement mechanism, the observed-data likeli-
hood conditional on (Y, A, X) can be written as

ky,
pw |y a,w50%r) = 3 ru(y, @, 2)p(w | u; 0?),
u=1

and our inferential target is the marginal posterior distribution
p(o® | w,y,a,x).

The identification results in Equation (1) additionally depend on the observed-data nuisance func-
tions {p(w | x),p(a | w,z),mq(z,w)}. We also estimate these functions using Bayesian approach.
Let ¢ = (éw, P4, ¢y ), where

p(W =w|X = z;9w)
is modeled using a multinomial-logit regression,
pA=1|W =w,X ==z;¢4)
is modeled using stratum-specific logistic regressions, and
ma(z,w;dy) =E[Y | A=a,W =w,X = z;¢y]

is modeled using stratum-specific Bayesian linear regressions. A Gaussian working likelihood is
used for the outcome model, with conditional mean m,(z, w; ¢y). Posterior uncertainty is therefore
summarized using empirical posterior quantiles.

The following algorithm summarizes the full Bayesian procedure. Joint posterior samples of
(62,7, ¢) obtained from the algorithm induce posterior distributions for the nuisance functions,
the conditional average treatment effects, and the resulting treatment regimes.

10



Algorithm 1 Bayesian Posterior Sampling and CATE Evaluation

Require: Observed data D, = {(W;,Y;, A;, X;)}" ;; test points {(W;‘,X;‘) ;“:"jt; priors m(0?),
7(r), and 7(¢); number of retained posterior draws S.
1: Specify Bayesian working models for

p(w | x;¢W)a p(a ’ IU,J};¢A), ma(:c,w;qby).

2: Define the posterior

n k
p(oz,r | Dy,) o H Zp(WZ | Ui = u, 02)7’u(YZ~,Ai,Xi) 7r(r)7r(02),

i=1 Lu=1

n

m(¢ | Dn) o< [ ] (Wi | Xi; dw)p(As | Wi, Xis pa)py (Vi | As, Wi, Xis )] m(90).
i=1

3: Use Hamiltonian Monte Carlo to obtain

(02(8)7r(8)) ~ 71'(0'2,7‘, | Dn)’ ¢(S) ~ 7r(¢ | Dn)’ 8= 1’ o "S'

b

fors=1,...,5 do
5. Evaluate, at each test point (X 5 W]’»“),

x5,  pPAIW X)),  mP(XF, W),
6:  Compute the naive CATE

A 065 97) = 7)), 47
7:  Substitute the nuisance-function draws into the X-based partial identification formulas in
Theorem 1 to obtain

A

L¥(Xx;) and U®(XY)

8:  Construct
p(W | U 02y

and substitute it, together with the nuisance-function draws, into the (X, W)-based identifi-
cation formula to obtain
(x5, W).

9: end for
10: For each test point (X7, W), summarize

A N S
{70 W), £ (x7), 09 (x5), 29 (x5, W)}

nalve

using empirical posterior distributions.

Remark 5. The observed-data nuisance models and the latent measurement model involve disjoint

11



parameter blocks. Consequently, the posterior for ¢ does not depend on the prior placed on 0. The
posterior distributions of the naive-(X, W) and X-based quantities are therefore invariant to the
prior specification for o2, up to Monte Carlo error. In contrast, the (X, W)-based quantities will
vary across prior specifications for 2.

The choice of a prior for ¢? is, in principle, straightforward, as any distribution supported on the
positive real line is admissible; common choices include the Gamma, inverse-Gamma, and lognormal
distributions. However, to facilitate a unified and interpretable framework for prior specification,
we instead consider a derived quantity that directly reflects measurement quality. Specifically,
define the average measurement accuracy as,

k
1 u
Ao?) = ™ Y P(W =uw, |U=u;0).
Uou=1

This quantity averages the probabilities of correct measurement across the k, latent categories,
assigning equal weight to each category of U. When the corresponding categories are indexed so
that w, = u, this reduces to A(0?) = % Zﬁ"zl P(W = u | U = u;0?), which is the sum of the

matched row-column entries of the rectangular measurement matrix, divided by k.

We then define the normalized measurement-quality index as

A(0?) = 1/ky

Q(J2) = 1— 1/kw

The baseline term 1/k,, is used because, under the truncated discrete normal measurement family,
the conditional distribution of W converges to the uniform distribution over its k,, categories as
0% — oco. Hence,

1
P(W:wu]U:u;a2)—>k—,

for every u, so that A(c?) — 1/k, and Q(0?) — 0. Under perfect measurement, A(c?) = 1 and
Qo?) = 1.

By construction, Q(c?) € [0, 1], where larger values indicate higher measurement quality. Under
the truncated discrete normal family, Q(c?) is continuous and strictly decreasing in o2. Therefore,

the model can equivalently be parameterized in terms of Q rather than o2.

Definition 6. We say that a prior m over o>

distributions of Q(o?) satisfy the following.

Pr (Q(0%) > t) > Pr, (Q(0?) > 1)

is more optimistic than a prior wo if the induced

for all t € [0,1].

To summarize key features of a prior m, we introduce the following quantities:
e Optimism score: O(7) := E,[Q(c?)],

-1

e Strength of belief: C(r) := (Var,(Q(c?)))

12



Motivated by this parameterization, we place a prior directly on @ rather than on o2. Specifically,
we assume

Q ~ Beta(km, k(1 —m)),

where m € (0, 1) encodes the prior mean (i.e., the optimism score), and x > 0 controls the concen-
tration, reflecting the strength of belief. The induced prior on ¢? is then obtained via a change of
variables:

7Tm,/i(02) = PBeta(nm,n(l—m)) (Q(UQ)) ’

Here, larger values of m correspond to more optimistic beliefs about measurement quality, while
larger values of x correspond to stronger prior concentration. In practice, we consider a grid of
(m, k) values to represent a range of prior beliefs with varying levels of optimism and confidence.

The choice of prior for the nuisance parameter r also requires careful consideration, as r may be
a flexible conditional distribution due to the presence of potentially continuous variables Y and
X in its conditioning set. To accommodate this flexibility while avoiding restrictive parametric
assumptions, we place a multinomial-logit Gaussian process (GP) prior on 7. Specifically, write
Z = (Y, A, X), and let D denote the dimension of Z. For each class in {1,...,k,}, we represent
the class probabilities through k, — 1 latent score functions {g,(-)}** 7', with class k, used as the
baseline. For each v € {1,...,k, — 1}, we place an independent mean-zero GP prior

and define the multinomial-logit mapping

exp (cutau())

ra() = § R e (ko ()
1

1k exp (cutgu())

u=ky,.

where ¢,’s are class-specific intercepts, with the baseline logit fixed at zero.

We use a squared-exponential covariance kernel with dimension-specific lengthscale parameters.
Specifically, for generic inputs z, 2’ € R”, the kernel takes the form

d_Zd )

where a,, > 0 controls the marginal scale of the latent GP. To improve simulation efficiency, we do
not sample the lengthscale parameters py in the posterior computation. Instead, we fix them using
a prespecified empirical rule based on the scale of each component of Z. In particular, for each
dimension d, we set

=
Mw

Ku(z,2)) = a2 exp (
d=1

max; Zz'd — mini Zid

Pd = 2
1, otherwise.

s if max; Z;q > min; Zid,

13



This choice stabilizes computation by reducing the number of hyperparameters that need to be
sampled, while still allowing the GP prior to account for the empirical scale of each component of
the conditioning set (Y, A, X).

Conditional on {gu}ﬁl‘;ll and {cu}ﬁ";ll, the latent class assignments satisfy,

U| (Y, A, X) ~ Categorical (1 (Y, A, X), ..., 7, (Y, 4, X)).

Therefore, under the multinomial-logit GP prior for r, the posterior computation only requires
specifying priors for the finite-dimensional parameters {c,, ay, ﬁ“;ll, while the lengthscale vector
p=(p1,...,pp) is fixed by the rule above.

The algorithm yields posterior draws of the measurement parameter, the observed-data nuisance
functions, and the resulting causal quantities. In particular, each draw of ¢ and the nuisance
parameters induces corresponding draws of u,(x,w), a € 0,1, the naive CATE, the lower and
upper endpoints of the X-based CATE interval, and the (X, W)-based CATE. Empirical posterior
quantiles can then be used to summarize uncertainty in these quantities and to construct quantile-
based bounds. The resulting bounds support the construction of naive, X-based, and (X, W)-based
treatment regimes while accounting for uncertainty from both the measurement mechanism and
the estimated nuisance functions.

2

4.3 Local non-identification of ¢ under Model specifications

Theorem 3. Suppose that, for each o in a neighborhood of the true value 0’%, the measurement
mechanism matric

P(W | U;0?)
is invertible and continuously differentiable in o®. Suppose also that the true latent class probability
function
rou(z) =p(U=u|Z =2)
is uniformly bounded away from the boundary of the simplex, that is, there exists some € > 0,

inf min 7rg(z) > e
z€Z u=1,....ky ,u( )

Then o2 is not locally point identified. In particular, there exists § > 0 such that every
5% € (0 — 8,08 4 0)

1s observationally equivalent to 08.

5 Treatment Policy Design

In this section, we consider how our bounds estimates for the CATE can be used for treatment policy
design. Alternative approaches construct treatment rules by comparing bounds on the conditional
means of Y1) and Y. Depending on how these bounds are used, such rules may emphasize
either conservative or more permissive treatment recommendations. While these strategies may be
appropriate in certain contexts, our focus in this work is on treatment policy design based directly
on bounds for the CATE.

14



5.1 Healthcare Decision-Making Strategy

Theorem 1 provides bounds L(x) and U(z) for 7(x), which characterize the range of treatment
effects compatible with the observed data and assumptions. Building on the policy objective
discussed in Section 2.1, we adopt a conservative healthcare decision principle in which treatment
is recommended only when there is sufficient evidence of benefit; otherwise, the default is not to
treat. Specifically, we define the X-Healthcare optimal regime as

gitopix(2) = 1{L(x) > 0}.

Under the Bayesian framework, posterior distributions are available for 7(x,w), providing prob-
abilistic uncertainty quantification. This allows treatment decisions to be made using posterior-
based risk criteria. Letting ¢, (z,w) denote the posterior a-quantile of 7(x,w), we define the
(X, W)-Healthcare optimal regime as

YH-opt-(X, W) (.T, 'LU) = ]]‘{QCM(x7 w) > 0}

The rule recommends treatment only when the posterior lower a-quantile of 7(z,w) exceeds zero,
thereby ensuring that treatment is assigned only when the posterior suggests benefit with proba-
bility greater than 1 — «. In this sense, the choice of a controls the degree of conservativeness of
the gr_opt-(x,w) regime: smaller values of a require stronger posterior evidence of benefit before
recommending treatment, whereas larger values lead to a less conservative regime.

Similarly, we define the naive Healthcare optimal regime as
gnaive-H(xaw) = ﬂ{ma(x, w) > 0}

Remark 6. Proposition 1 implies that when the CATE is point-identified and the treatment regime
is determined by the sign of the CATE, the regime gop—(x,w) based on richer information will
outperform the regime gop—x which is based only on X. However, when the sign of the CATE
cannot be determined, namely when the bounds for the CATE contain zero, and treatment decisions
rely on a default rule (for example, the healthcare decision rule given above under which treatment
is withheld with insufficient evidence of benefit), neither the Gopt-(X,w) NOT the gopr-x necessarily
dominates the other.

5.2 Combining X- and (X, W)-Healthcare optimal Regimes

In this section, we propose a combined treatment regime that integrates the information contained
in the X-based and (X, W)-based bounds. The two regimes reflect different tradeoffs: the bounds
for 7(x) require fewer assumptions but are generally wider, whereas the bounds for 7(z,w) are
often more informative but rely on additional assumptions on the measurement mechanism and
a prior specification for ¢2. Since neither regime uniformly dominates the other, we use the X-
based regime as the baseline recommendation and allow the (X, W)-based regime to modify the
recommendation only when it provides evidence that treatment is harmful.

The combined regime can be expressed as,
g(X,W)-comb(xaw) = H{L(.’L') > O}H{ql—a(x7w) 2 O}
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The corresponding treatment decisions are summarized in Table 1. When the X-based regime
recommends withholding treatment, the combined regime also withholds treatment. When the
X-based regime recommends treatment, we examine the (X, W)-based bounds. If the upper bound
for 7(z,w) is negative, indicating that treatment is harmful, treatment is withheld. Otherwise,
treatment is recommended. Consequently, an inconclusive (X, W)-based bound does not overturn
a positive recommendation from the X-based regime, whereas evidence of harm from the (X, W)-
based analysis always overrides it.

Table 1: Treatment policy design based on bound estimates

7(z,w) 7(z) JH-opt-(X,W) | 9H-opt-x | Combined Decision

go(z,w) >0 L(z) >0 v v v
Ga(z,w) >0 U(x) <0 v X X
qo(z,w) >0 L(z) <0< Ul(x) v - X
Q1—a(z,w) <0 L(z)>0 X v X
i—al(z,w) <0 U(x) <0 X X X
Q—a(z,w) <0 L(z) <0< Ul(x) X - X
Go(z,w) <0 < 1oz, w) L(x) >0 — v v
do(z,w) <0 < qi_o(z,w) U(z) <0 - X X
do(z,w) <0< qrn(z,w) | L(z) <0< U(x) — - X

v, treat; x, withhold treatment because the treatment is harmful; —, withhold treatment

because the sign of the treatment effect is not identified.

The combined rule naturally extends to multiple prior specifications for the measurement mecha-
nism. Let II denote a candidate set of priors for 2. Rather than averaging over these priors, we
treat them as a sensitivity class and use the corresponding posterior distributions only to screen
for evidence of treatment harm. The combined regime is defined by

Ycomb ‘= ﬂ{L(l‘) > O} H ﬂ{q{rfa($7w) = O}
well

Accordingly, treatment is recommended only if the X-based regime recommends treatment and none
of the prior-specific (X, W)-based analyses indicates evidence of harm. Equivalently, treatment is
withheld whenever the X-based lower bound is non-positive or at least one prior-specific posterior
upper bound for 7(x,w) is negative. Thus, the collection of prior specifications acts as a posterior-
harm veto on the baseline X-based recommendation.

The combined regimes balance the robustness of the X-based bounds with the greater informa-
tiveness of the (X, W)-based bounds, thereby enabling treatment decisions that account for both
identification uncertainty and additional structural assumptions. In this sense, it is conservative
with respect to additional assumptions, rather than conservative with respect to treatment per se.
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6 Experiments

6.1 Simulation

In this section, we evaluate our proposed methods for treatment policy design and compare the
performances of constructed regimes with the (X, W)-naive regime. We consider a data generating
process (DGP) which satisfies the potential-outcome non-differential measurement mechanism and
Assumptions 1-5, and study the performances of our proposed treatment policy designs compared
with the (X, W)-naive regime introduced in Definition 4. We consider a three-dimensional covariate
vector X = (X7, Xo, X3), where X7 and X5 are continuous covarites independently generated from
a normal distribution with mean 0 and variance 1, truncated to the interval [—2,2], and X3 is a
binary covariate generated from a Bernoulli distribution with p(X3 = 1) = 0.5. We consider a
latent confounder U and its noisy measurement W, both taking values in {1,...,5}. Conditional
on covariate vector X, U is generated from a five-category categorical distribution,

Ul X~ Categorical(pl(X), e ,p5(X)),
where

expit(duo + dy1 X1 + dyaXo + dngg)

, u=1
Z?:l eXpit(djo + dlel + deXQ + dngg)

pu(X) = yeeeyD.

The coefficients (dyo, du1, du2, dy3) are fixed constants chosen to induce dependence of U on X.
Specifically,

dig di1 dia dis 0.1 0.35 —0.5 0.15
dog do1 dog dog 0.1 -0.15 0.2 —04
dsg ds1 d32 dss| =10.15 025 —-0.15 0.1
dgo dg1 das  dys 0.3 —0.5 0.1 —0.45
dso ds1 ds2 dss 0 0.1 —-045 0.15

Treatment A is generated according to

p(A=1]X1, X2, X3,U)
= expit (0.3 — 0.5X1 + 0.2X5 + 0.1X35 — 0.4X; X
—14I(U=1)+ 121U =2) — L.1I(U = 3) + 2.4I(U = 4) — 1.8I(U = 5)).

The outcome Y is generated from a treatment-specific linear model depending on X and U, with
additive truncated normal noise. Specifically,

Y = py (A, X1, X2, X3,U) + ey,

where ey is generated from a normal distribution with mean 0 and variance 1, truncated to the
interval [—2,2], and

py (A, X1, Xo, X3,U) = Apr (X1, X2, X3,U) + (1 — A)po (X1, X2, X3,U),
with

,u,1(X1,X2, X3, U) =15—-0.2X7] —4.5X5 + 3.5X3
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— 2.0I(U = 1) + 5.4I(U = 2) — 3.2[((] = 3) + 3.7I(U = 4) — 2.8I(U = 5),
,U()(Xl,XQ, X3, U) =15+ 0.4X7 — 5X5 + 3.9X3
C18I(U = 1) +4.21(U = 2) — 2.8I(U = 3) + 2.61(U = 4) — 2.61(U = 5),

which gives support of Y as [1.4,33.9]. Finally, we consider three different mechanisms through
which the noisy measurement W is generated.

1. The Truncated Discrete Normal Distribution introduced in Definition 5, with W | U =
u~ NP (u,0%), for u € {1,...,5}.

2. The Truncated Discrete Student-t Distribution. Specifically, for a fixed degrees-of-
freedom parameter vy > 0,let W | U = u ~ t%D(u, A2 ), foru € {1,...,5}, with probability
mass function,

2 _ vo+1
2

1+ 5)
—

The parameter A2 serves as the sole noise-level parameter, analogous to ¢ in the truncated
discrete normal model. We fix vy = 3, which induces heavier tails and allows occasional large
deviations from the true state u, in contrast to the light-tailed behavior of the truncated
discrete normal distribution.

p(W=w|U=u)=

_rofl”

3. The Diagonal-Inflated Discrete Uniform Distribution. Let 0 < § < 1. We define
WU =u~Upys(u,d), for ue {1,...,5}, with

d, if w=u,
pW =w|U=u)=4 1 _;
—, ifw#u,
4
for w € {1,...,5}. The parameter ¢ controls the measurement accuracy: larger values of &

correspond to more accurate measurements, while smaller values yield a more diffuse, nearly
uniform distribution over incorrect states.

To examine the performance of the proposed methods under different levels of measurement error,
we consider several values of the parameters controlling the noise level

1. 02 €{0,0.5,1,1.5}.
2. A2 €{0,0.3,0.8,1.2}.
3. 6€{1,0.9,0.75,0.5}.

While there are three candidates for the true measurement mechanism, we assess the robustness
of the truncated discrete normal model by assuming W | U follows the Truncated Discrete Normal
Distribution in estimation, regardless of the true DGP. We also consider three difference samples
sizes n € {1000, 2000,4000}. The testing dataset is for all cases is a fixed sample with sample size
1000.
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For each simulated dataset, we implement Algorithm 1. Hamiltonian Monte Carlo is run for 10,000
iterations, with the first 5,000 iterations discarded as burn-in. The remaining 5,000 posterior
draws are used to approximate the posterior distributions of the naive CATE, the lower and upper
endpoints of the X-based CATE interval, and the (X, W)-based CATE at every testing point.
Throughout the simulations, we consider o € {0.05,0.1,0.2,0.3}, where « denotes the posterior
quantile level used to construct the healthcare-optimal regime. Smaller values of « correspond
to more conservative treatment decisions, requiring stronger posterior evidence that the CATE is
positive. By varying «, we evaluate the performance of the proposed regimes across different levels
of treatment conservativeness.

To assess sensitivity to prior specification, we vary the prior on the measurement quality index
Q through a grid of Beta distributions. Specifically, for @ ~ Beta(km, (1 — m)), we consider
parameter pairs,

(m, k) € {(0.5,3),(0.5,5), (0.5, 10), (0.75,3), (0.75,5), (0.75, 10), (0.95, 3) }.

For computational stability, the Hamiltonian Monte Carlo sampler constrains the parameter space
to 0% € [0,5], which covers the range of measurement mechanisms considered in our numerical
experiments.

For each prior specification, we obtain posterior summaries of the (X, W)-CATE and construct the
corresponding (X, W)-Healthcare optimal and combined treatment regimes. Because the naive and
X-based CATEs depend only on the observed-data nuisance functions, their posterior distributions
are largely insensitive to the prior on @), apart from Monte Carlo variability.

As a benchmark, we also consider a frequentist (X, W)-based regime. The same posterior sampling
algorithm is applied, except that an uninformative uniform prior restricted to the interval [0, 5]
is assigned to o2, so that the posterior primarily serves to characterize the feasible values of the
sensitivity parameter that are compatible with the observed data. Unlike the Bayesian approach,
which summarizes uncertainty using posterior quantiles of the (X, W)-based CATE, the frequentist
approach constructs bounds by taking the minimum and maximum values of the posterior draws
of the (X, W)-based CATE at each testing point. These extrema are then used as the lower and
upper bounds for the frequentist (X, W)-based regime.

Remark 7. The posterior sampler is used purely as a computational device for the frequentist
analysis. For each candidate value o® € [0,5], the observed-data likelihood requires a compatible
nuisance function r satisfying

u
pw | y,a,2;0%, 1) = ru(y, a,2)p(w | u;0?),
u=1

where r lies in the probability simplex. Obtaining the frequentist bounds by directly optimizing over

o2 would therefore require repeatedly estimating a compatible nuisance function r for every candidate

value of o2. Instead, Algorithm 1 jointly samples (o2, 1), so that every draw automatically satisfies
the compatibility constraint implied by the observed-data likelihood.

If the mapping

o2 7(z,w;0?)
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is continuous and the Markov chain explores the entire support of the posterior over |0, 5], then, as
the number of Monte Carlo draws S tends to infinity,

TN o268 s inf 4 g2
Jng T 2 By T )

and stmilarly,

max 7(x,w; 02(8)) — sup 7(z,w;0?).
s=1,...8 o2€[0,5]
Therefore, taking the minimum and mazimum over the posterior draws recovers the same frequentist
envelope that would be obtained by exhaustively evaluating the estimator over the entire sensitivity
parameter space.

Mean expected outcome under the truncated discrete Gaussian measurement mechanism
a.=0.05 a =01 @ =02 a =03

(o00T 'u)!

Regime
—e—  Naive~(XW): m=0.75, kappa=3
Withhold-all
Treat-all
Frequentst
—e—  H-op-X: m=0.75, kappa=3
H-0pt-(XW): m=0.5, kapps

=0. 3
H-0pt-(X W): m=0.5, kapps

a5

Mean expected outcome
(0002 'u)

m=0.75, kappa=10
m=0.95, kappa=3

(000w ‘u):

0 05 1.0 15 0 05 1.0 15 0 05 10 15 0 05 1.0 15
True measurement variance O'Z
Figure 1: Mean expected outcome under the truncated discrete normal measurement mechanism
for different o2 values and different prior specifications.

Figure 1-3 reveal a systematic interaction between the conservativeness level, sample size, and
measurement mechanism. Under the Gaussian and discrete-uniform measurement mechanisms, the
naive regime is highly competitive and often yields the largest mean expected outcome when the
decision rule is conservative (a = 0.05 or 0.1), Particularly at small samples sizes. In these settings,
accounting for posterior uncertainty of all nuisance functions and obtain the proposed regimes
through conservative healthcare rule may result in withholding treatment from all individuals,
even though many of them could have benefited from the treatment.

As the sample size increases and the decision rule becomes less conservative (o« = 0.2 or 0.3), the
relative advantage shifts toward the proposed methods.
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Mean expected outcome under the truncated discrete Student-t measurement mechanism

o =005 a =01 a =02 o =03

(000t 'u)=

Regime

Mean expected outcome
(000z 'u)=

/
(000 'u):

0 03 o8 12 0 03 08 12 0 03 08 12 0 03 08 12
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Figure 2: Mean expected outcome under the truncated discrete student-t measurement mechanism
for different A\? values and different prior specifications.

6.2 Application

7 Conclusion
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Appendices

A  Proofs

Proof of Proposition 1.

E[Y (9ort—X)] = ZE[y(gopc.x) | X = z]p(z)
T
= ZE[Y“’OPVX) | X =2, W = wlp(w | z)p(x)
< ZE[Y(QOPHX’WQ | X =2, W = w|p(z,w)

— E[Y(gopt—(X,W))]

Proof of Proposition 2.

E[Y(gnaivc—(X,W))] — ZE[Y(gnaivc-(X,W)) ’ X = x]p(m)
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:Z<2Ey<gm ) | X =2, W = wlp(w | 2) )p(x)
<Z(ZEY(90PWXW>)|X—$ W = wlp (w[w)) ()

ZE [V Gort-cx ) | X = z]p(x)

T

E[ gopt (X, W))]

O]

Proof of Proposition 3: We prove by presenting two data generating process M; and Mo, such that
the observed distributions are the same, but difference in the unobserved distribtuions will result
in different values of E[Y'(® | W, X].

Consider the setting where A, X, W, and Y are all binary, all taking values in {0, 1}. The observed
distributions for both DGPs are the same, as stated as follows.
P(X =1)=0.5,
PW=1|X=1)=06, P(W=1]|X=0)=04,
PA=1]X=1)=P(A=1|X=0)=04,
PY=1|A=1,X=1W =1)=0.65,
(Y=1|A=1,X =1, W =0) = 0.6,
Y=1|A=1,X=0,W=1) = 0.5,
(Y=1|A=1,X=0,W = 0) = 0.45,
Y=1A=0,X=1,W=1)=0.46,
( )
( )
( )

aelgac RN RN

PY=1|A=0,X=1,W =0) = 0.45,
Y=1|A=0,X=0W=1) =049,

Y=1|A=0,X=0W =0)=0.48.

T v

Specifically, for the distributions involving unobserved confounder U, we define M; and M, as

follows.
.

PU=1|X=1)= PU=1|X=1)=0.9,
PU=1|X=0)= PU=1|X=0)=0.1,
PW —1|U— )—2/3 PW=1|U=1)=5/8,
PW=1|U=0)=1/3, PW=1|U=0)=3/8,
M - M -
PA=1|U=1,X=1) =04, PA=1|U=1,X=1)=0.35,
P(A=1|U=1,X =0) =04, P(A=1|U=1,X=0)=0.85,
PA=1|U=0,X=1)=04, P(A=1|U=0,X =1)=0.85,
\P( =1|U=0,X=0)=0.4. P(A=1|U=0,X =0)=0.35.
Note that,

PW=w|U=1)PU=1|X =ux)

PU=1|X=2,W= =
O e =) = oy PV =0 U =wPU =ul X =)’
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we have,
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Also note that,

PA=a|U=1,X=2)PU=1|X=2,W =w)

P(U:l|A:a,X:$,W:’lU):ZHG{OJ}P(A:CL’U:u’X:x)P(U:u’X:x’W:w)v

we have,
PU=1|A=1,X=1,W=1)=8, PU=1[A=1X=1W=1)= 13,
PU=1|A=1,X=1,W=0)=2, PU=1[A=1,X=1,W=0)=1¥
PU=1]A=1,X=0,W=1)=1, PU=1]A=1,X=0,W=1)=4,

y PO =1[A=1 X =0W =0) =3, v JPU=11A=1X 0w =0) = 4,

Plru=114=0,x=1,W=1)=2%, ClPU=1ja=0X=1W=1)=8
PU=1|A=0,X=1,W=0)=2, PU=1|A=0,X=1,W =0) = 1,
PU=1|A=0,X=0W=1)=14, PU=1|A=0,X=0W=1)= 35,
PU=1]A=0,X=0,W =0)=1. (PU=1]A=0,X=0,W=0)=¢&.

Next, we have,

PY=1|A=aX=2W=w)= > PY=1|A=aqU=u,X=2)PU=u|A=a0,X=2W=uw).
ue{0,1}

For simplification, let Y, := P(Y = 1| A =a,U = u, X = z), we obtain the following two sets of
equations for My and Ms:

0.65 = Y101 - § + Y111 - 5, 0.65 = Y101 - 795 + Y111 - 193,
0.6 = Y101 - :1), + Yi11 - 3, 0.6 = Yio1 - 28754 + Y111 - 5??17
0.5 = Y100~ 2 + Y110 - 3, 0.5 = Y100 - 353 + Y110 - 274,
0.45 = Y100 - § + Y110 - 0.45 = Y100 - 195 + Y110 -

122 195
0.46 = Yoo1 - 5 + Yo11 - 0.46 = Yopo1 - 616 + Yo11 - 62,
0.45 = Yoo1 - & + You1 -

0.45 = YE)Ol . 122 + Ybll 1227
0.49 = Yoo - 3 + Yo10 - 0.49 = Yoo - 132 + Yoo -
0.48 = Yooo - & + Yor0 -

S

122
0.48 = Yo00 - & + Yp10 - o5

@\»—A oo\»—l oo\w @\00 @\»—‘
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Solving gives solutions as follows.

9 ( 1083
Y; — Yign = ——
101 = 55 101 = o0
27 2321
Yiii = — Vi = ——
11 = 7o 11 = Soe
17 275
100 = 75 Y100 = 672’
13 1909
Y = — Y = —
o 110 = 5 . 110 = 500
1 2t
21 63
Yoor = = Yoo = —
001 = =5 001 = 25
93 969
- 72 Vg = o
011 = 500 o1 = 5505
19 4931
Yooo = o Yooo = —om
000 = 75 000 = 75400
13 689
Yo10 = 5% Yo10 = 300

Finally,

EY @ | X =2, W=uw= Y EYY|U=uX=2W=uwPU=u|X=zW=uw)
ue{0,1}

= > PY=1|A=aqU=uX=2)PU=u|X=2W=uw).
ue{0,1}

For example, under M,

8 27 13

19

Under M5, however,

11083 15 2321 102433
Exp[YV | X =1,W =1]= — X oo 4+ — X o = :
(Y| ’ =16 % 2720 T 16 * 3360 — 152320

Since %ggggg %, the two models yield different values of E[Y'") | X = 1, W = 1], despite inducing

the same observed-data distribution.

Therefore, E[Y(® | X, W] is not identified from the observed-data distribution.

Moreover,

EY® | X =a]= > EY®|X=2W=uPW=uw|X=n2).
we{0,1}
For example, consider a = 1 and = = 1. Under Mj,

13 3
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Therefore,

Ea,[YV | X =1) =Ep [YV | X =1, W=1]P(W=1|X =1)

+Ey,[YD | X =1, W =0PW=0]|X=1)
13 3 3 2 63

T20 55 5 100
Under Mo,
102433 196509
Epp, YV [ X =1, W=1]=—, Ep[YV|X=1W=0= .
[V ’ I = T5o3000 FaelY ’ I = 301610
Hence,
Eap YV | X =1] =Epp, YV | X =1, W =1]P(W=1|X =1)
+E YV | X =1, W =0PW=0]|X=1)
_ 102433 3 196509 2 _ 1968
T 152320 5 ' 304640 5 2975
Since
jggﬁ# 1968
100 7 2975’

the two models induce different values of E[Y () | X = 1] despite inducing the same observed-data
distribution. Therefore, E[Y(® | X = z] is also not identified. O

Proof of Proposition 4: E[Y(®) | W, X] can be recovered from the distribution p(w | u), and the
observable conditional mean E[Y | W = w, A = a, X = z] and observed distributions p(w | a,z)
and p(w | z).

For each X = z, let P(U | z) be a k, x 1 vector with P(U | z); = p(U = j | X = z), and
similarly define k, x 1 probability vector P(U | a,x), and k,, x 1 probability vectors P(W | x),
and P(W | a,z). For expectations, let E(Y(® | W,z) denote a k, x 1 vector with E(Y(® |
W,x); = E[Y(®) | W = j, X = z], and similarly define k,, x 1 expectation vector E(Y | W, a, z), and
ky x 1 expectation vector E(Y | U, a,x). Under the potential-outcome non-differential measurement
mechanism, we have

plw, y @,z | u) = p(w [ W)py@, | u).
Therefore,

plw,y W, x| u)

o u) p(w | wpy'™ | u,z).

p(w,y' | u,z) =
Moreover, we also havep(w | u,z) = p(w | u). Hence,

p(w’y(a) ‘ u,:c) = p(w ‘ u, x)p(y(a) ’ u,x),
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and hence

Y@ | w U X.

Thus, by law of total probability,

EY@ | X =2, W = w] = pr‘z}‘;”w) YV |U=uA=aX =z,

plw|z) = pr|u (u] z),
p(w|a,x)= pr\u (u] a,x),
EY |W=w,A=a,X = 2x] :ZEY\U:u,A:a,X:x]p(u|w,a,az)

:ZE[Y ‘ U:U,AZG,X:x]p(w | u)p(u | a,:p)

p(w | a,x)
which can be written in the matrix form as,

E[Y© | W,a] = {PW | U)o |[P(W | 2)"'P(U | 2)T| }EIY | U,a, ], (2)
P(W |z)=PW |U)P{U | z), (3)
P(W |a,xz)=P(W |U)P{U | a, ), (4)

ElY | W,a,z] = P(U | W,a,z)E(Y | U,a,x)
= (PO | a,2) (P(U | a,2)T o P(W | U)) )E[Y | U,a,a], (5)
where P(W | )™t = (1/p(W =1 | X = z),.... 1/p(W =ky | X = )", P(U | W,a,x) is a
kyw x k, matrix with P(U | W,a,z);; = p(W:;J([];i)’iTCE[i):]‘az)7 for i € {1,...,ky}, j € {1,...,ky}

and o denotes element-wise product.

For each fixed = and a € {0, 1}, Equations (2)—(5) imply that the unknown components include:

e the measurement mechanism p(w | u),
e the distribution p(u | a,x),
e the marginal distribution p(u | z), and

e the outcome model E[Y |U =u, A =a,X = z].

Together, these quantities involve a total of k,k, + 4k, — 3 free parameters, whereas Equations
(3)-(5) provide 5k, — 3 independent constraints. When k,, = k, = k, the difference is k% — k, which
coincides with the degrees of freedom in the measurement mechanism matrix P(W | U).

When k,, > k,, the excess degrees of freedom can be written as (kyky—ky)—5(ky—ky), and therefore
no longer coincides with those of P(W | U), which has kyk,, — k, free parameters. The term 5(k,, —
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k) reflects the fact that the observable system is indexed by a higher-dimensional proxy W rather
than the latent variable U. These additional equations do not constitute independent identifying
restrictions, but instead impose compatibility conditions, in the sense that the observed quantities
must lie in the lower-dimensional subspaces induced by the latent structure. Such conditions restrict
the set of admissible observed distributions but do not provide additional information for identifying
the latent components.

Therefore, the central unidentified component remains the measurement mechanism P(W | U).
Our strategy is to explicitly characterize the degrees of freedom associated with P(W | U) and
impose appropriate invertibility conditions. In particular, we will require P(W | U) to be left-
invertible, which provides the algebraic basis for recovering E[Y(® | W, X] once the measurement
mechanism is specified.

O

Proof of Proposition 5. 1. We have,

EY®|A=1-a,X = 7]
EY@W|1—a,2,U0)'P(U|1-a,z)

E(Y |a,2,U0)"P(U|1—a,z)

EY |a,z,U) ' P(U|1-a,z)

E(Y | a,x,U)T<P(U la,2) o P(U |1 —a,z)0 P(U | a,:v)_1>

S

1

I

LRy | a,z, U)T(P(U | a,z) o PI(W | U)P(W | 1= a,z) 0 (PY(W | U)P(W | a,m))_l)

Note that,
. pw|A=1-az)
min
w  plw|A=a,z)
<(PIW | U)POW | 1= a,2) 0 (PI(W | U)P(W | a,2)) )

oy P [A=10.2)
W pw | A=a,a)

i

for all k, entries in the vector PT(W | U)P(W | 1 —a,z) o (PY(W | U)P(W | a,x))fl.
Therefore,
. plw|A=1—-a,x)
min
w  plw|A=a,x)
<E[Y@|A=1-a,X =z
P [A=1-0.0)
w  plw|A=a,z)

ElY |A=a,X = 2]

EY | A=a,X = z].

In addition, if Y € Y C [0, +00), we have,

pw|A=1—a,z)
plw | A=a,z)

max { inf ), min
w

EwwA:mX:ﬂ}
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<EY@|A=1—-qa,X =a]
plw|A=1
p(w \A—a x)

§min{supy,max ) [Y|A—aX—:L'}

2. we have,
EY@ |A=1-a,X = 1]
=EYW |1—a,z,U)"P(U|1—a,z)
LY@ | a,2,0)"PU |1 - a,z)
E(Y |a,z,U) P(U|1—-a,z)
E(Y | a,2,U)7 (P(U la,2) 0 P(U |a,z)" o P(U| 1 - a, x))

IIg

LR | a2, W) (PHU | W,a,m))T(P(U la,2) 0 P(U | a,z) Lo P(U |1~ a,x))

.
Y |a,z, W) (PHU | W,a, x) (P(U\W,a,x)TP(W|a,x)oP(U|a,x)—1oP(U|1—a,x))

A4

(
(
LB | a2, W T(P (W | a,z) o (PT(W [U)P(W | a,2)) " o PI(W | U)P(W | 1—a,z))
(

T(PtW | ) P(W | a,z) 0 (P T(W;U)P(Wya,m))*lop(wy1—a,x)>

=E( )
( )
E(Y | a,z, W)
E(Y |a,z, W)'P(W |1—a,z).

Note that,
EY |a,z,W)"P(W |1-a,z)
zmui)nIE[Y |A=a,X :x,W:w]ZP(w |1—a,x)
:mui)nE[Y |A=a,X =2, W =w], ’
and
E(Y |a,z, W)"P(W|1—a,z)
gmng[Y | A=a,X =2, W = w]ZP(w |1—a,x)
:mng[Y | A=a,X =2, W =w]. '
Therefore,

minE[Y |[A=a, X =2, W =w] <E[Y® |A=1-0¢,X =z] <maxE[Y | A=q,X =2, W = w).

O]

Proof of Theorem 2. Under Assumptions 4 and 5, we can rewrite equations (3), (4), and (5) as,

P(U |z) = PY(W | U)P(W | z), (6)
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P(U | a,z) = PY(W | U)P(W | a,2),
E[Y |U,a,2] = PY(U | W,a,2)E[Y | W,a,x|.

Additionally, we observe that P(U | W, a,z) can be expressed as:

P(U |W,a,z) = P(W |a,z) *P(U | a,z)" o P(W | U).

These allow us to re-express the expectation of the counterfactual outcome:

P(W | U)o :P(W | 2)"'P(U | x)T} }E[Y | U, a, z]

P(W\U)o:P(W]a:)*l( W | U)YP(W | z)) ]}EY\Uax

P(W [ U)o [P(W | 2)" (PHW | 0)P(W | 2) ]}
{(p(wm 2)'P(U | a,2)" oP(WIU))TE[“W’““’”]}
:{P(W | U)o [P(W | z) 1 (PT(W | U)P(W | ‘T))T]}

A(POW | a.2) (PUW | U)POW | a,2)) o POW | U))TE[Y | W.a,1}.

P(W\U)o:P(W|x)_1( W | U)P(W | z)) ]{PTU|W<L:1:) [Y|W,a,a:]}

O]

Proof of Theorem 3. Under the true data-generating mechanism, the observed conditional distri-

bution of W given Z = z is

P(W | 2) = P(W | U ag)ro(2),
where

ro(z) = (ro,l(z), .. ,ro,ku(z))T.
Now consider an alternative value 52 close to o3. Define

(z) = POW | U;6°) "' P(W | Usog)ro(2).
Because P,2(W | U) is continuously differentiable and invertible in a neighborhood of o3,
PW |U;6*) 'P(W |U;02) = I as 6° — op.

Hence 7(z) — 79(2) uniformly over z € Z.
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Since

inf min 7rg4(2) >¢e>0.
2€Zu=1,... ky 0.u(2)

there exists § > 0 such that, for all
5% € (08 — 6,08 +0),

we have

Tu(z) >0 forallu=1,...,k, and all z € Z.

Moreover, we also have

1"PW |U;0?) =1".

Therefore,
1"PW | U;6%) 1 =1T,
and hence
177(z) =1TP(W | U;6*) ' P(W | Us03)ro(2) = 1 ro(- | 2) = 1.
Thus,
7(z) € AKT for all z € Z.
Finally,

P(W |U;6%)i(z) = P(W | U; 6 P(W | U;62) L P(W | U; 02)ro(2)
=P(W | U;Jg)ro(z)
=p(W | 2).

Therefore the alternative pair (52,f(z)) generates exactly the same observed conditional distri-
bution of W given Z = z as the true pair (0(2), ro(z)). Hence every 62 sufficiently close to of is
observationally equivalent to o3, and o2 is not locally point identified. O

B Simulation results

B.1 Mean expected outcomes under the truncated discrete normal measure-
ment mechanism
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Table 2: Mean expected outcomes under the truncated discrete normal measurement mechanism
across prior specifications and posterior quantile levels.

Regime m kK ap 02=0 02=05 o0’°=1 o0?°=15 o02=2 0’=3

n = 1000
Prior: m =0.50, k=3

0.05 16.00356 16.04643 16.04314 16.03821
0.05 15.96543 16.06928 16.05933 16.04721
0.05 15.99345 15.97101 15.965643 15.96543
0.05 15.96543 16.06928 16.05933 16.04721

0.10 16.03538 16.02753 16.02795 16.02510
0.10 15.96543 16.05160 16.04650 16.03612
0.10 16.01760 15.99040 15.96306 15.96543
0.10 15.96543 16.05160 16.04650 16.03612

0.20 16.10953 16.00708 15.99702 15.97994
0.20 15.96543 16.02819 16.05833 16.03481
0.20 16.09295 16.07140 15.94670 15.95599
0.20 15.96543 16.02819 16.05833 16.03481

0.30 16.14821 15.97095 15.98152 15.96719
0.30 15.96543 16.04154 16.05475 16.04019
0.30 16.14044 16.09103 15.94913 15.89970
0.30 15.96543 16.04154 16.05475 16.04019

Ynaive-(X,W) 0.50
9H-opt-X 0.50
9H-opt-(x,w) 0.50
9(X,W)-comb 0.50

Ynaive-(X,W) 0.50
9H-opt-X 0.50
9H-opt-(X,W) 0.50
9(X,W)-comb 0.50

Ynaive-(X,W) 0.50
9H-opt-X 0.50
9H-opt-(x,w) 0.50
9(X,W)-comb 0.50
Ynaive-(X,W) 0.50
JH-opt-X 0.50
9H-opt-(x,w) 0.50
9(X,W)-comb 0.50
Prior: m =0.50, k=5

L W WW WWWWw WwWwww wWwWwww

0.05 16.00000 16.04955 16.05180 16.04572
0.05 15.96543 16.06751 16.04037 16.04540
0.05 15.98608 15.97101 15.96543 15.96543
0.05 15.96543 16.06751 16.04037 16.04540

0.10 16.03801 16.02582 16.02967 16.02994
0.10 15.96543 16.04866 16.02609 16.03651
0.10 16.01047 15.98772 15.96548 15.96543
0.10 15.96543 16.04866 16.02609 16.03651

0.20 16.11159 16.00813 15.99629 15.98249
0.20 15.96543 16.03060 16.02292 16.03500
0.20 16.08280 16.06573 15.95005 15.95841
0.20 15.96543 16.03060 16.02292 16.03500

0.30 16.14845 15.97068 15.97195 15.96525
0.30 15.96543 16.03689 16.05294 16.03903
0.30 16.13254 16.09033 15.91053 15.91158
0.30 15.96543 16.03689 16.05294 16.03903

Ynaive-(X,W) 0.50
9H-opt-X 0.50
9H-opt-(x,w) 0.50
9(X,W)-comb 0.50

Ynaive-(X,W) 0.50
JH-opt-X 0.50
IH-opt-(x,w) 0.50
9(X,W)-comb 0.50

Ynaive-(X,W) 0.50
9H-opt-X 0.50
IH-opt-(x,w) 0.50
9(X,W)-comb 0.50

Ynaive-(X,W) 0.50
9H-opt-X 0.50
9H-opt-(x,w) 0.50
9(X,W)-comb 0.50

vt ot ot ot Ot Ot ot Ot Ot Ot Ot Ot Ot Ot Ot Ot

Continued on next page
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Table 2 — continued

Regime m &k ap 02=0 0*=05 o’=1 o*=15 o’=2 o*=3
Prior: m = 0.50, k =10

Inaive-(x,w)  0.50 10 0.05 16.00435 16.04802 16.05539 16.04065
9H-opt-X 0.50 10 0.05 15.96543 16.06584 16.06490 16.04413
JH-opt-(x,w)  0.50 10 0.05 15.98376 15.97101 15.96543 15.96543
9(X,W)compb 0.50 10 0.05 15.96543 16.06584 16.06490 16.04413
Inaive-(x,wy  0.50 10 0.10 16.03902 16.02701 16.02806 16.02565
9H-opt-X 0.50 10 0.10 15.96543 16.05087 16.04503 16.04261
IH-opt-(x,w)  0.50 10 0.10 16.00778 15.99480 15.96487 15.96543
9(X,W)-comb 0.50 10 0.10 15.96543 16.05087 16.04503 16.04261
Inaive-(x, ) 0.50 10 0.20 16.11149 16.00705 15.99652 15.98086
9H-opt-X 0.50 10 0.20 15.96543 16.02830 16.06028 16.03638
JH-opt-(x,w) 0.50 10 0.20 16.07762 16.06710 15.95075 15.95636
9(X,W)-comb 0.50 10 0.20 15.96543 16.02830 16.06028 16.03638
Inaive-(x,w)  0.50 10 0.30 16.14470 1596618 15.97362 15.96662
9H-opt-X 0.50 10 0.30 15.96543 16.03694 16.05671 16.04093
JH-opt-(x,w)  0.50 10 0.30 16.13448 16.09180 15.95518 15.92698
9(XW)comp 0.50 10 0.30 15.96543 16.03694 16.05671 16.04093
Prior: m =0.75, k=3

Inaive-(x, ) 0.75 3 0.05 16.00456 16.04827 16.05330 16.04338
9H-opt-X 0.75 3 0.05 15.96543 16.06570 16.06331 16.04806
JH-opt-(x,w) 0.75 3 0.05 15.99621 1597096 15.96543 15.96543
9(X,W)-comb 0.75 3 0.05 15.96543 16.06570 16.06331 16.04806
Inaive-(x,wy  0.75 3 0.10 16.03969 16.02597 16.03145 16.02063
9H-opt-X 0.75 3 0.10 15.96543 16.04735 16.03997 16.04074
JH-opt-(x, ) 0.75 3 0.10 16.02172  15.99528 15.96543 15.96543
9(XW)compb 075 3 0.10 15.96543 16.04735 16.03997 16.04074
Inaive-(x, ) 0.75 3 0.20 16.10890 16.00487 15.99358 15.98718
9H-opt-X 0.75 3 0.20 15.96543 16.03133 16.06232 16.03508
JH-opt-(x,w) 0.75 3 0.20 16.09797 16.06919 15.95304 15.95599
9(X,W)-comb 0.75 3 020 15.96543 16.03133 16.06232 16.03508
Inaive-(x,w)  0.75 3 030 16.14496 1597474 15.97741 15.96365
9H-opt-X 0.75 3 0.30 15.965643 16.03834 16.05898 16.04085
IH-opt-(x,w) 075 3 030 16.14432  16.09271 15.94615 15.91777
9(XW)comb 0.75 3 030 15.96543 16.03834 16.05898 16.04085
Prior: m =0.75, k=5

Inaive-(x, ) 0.75 5 0.05 16.00292 16.04582 16.05738 16.04125
9H-opt-X 0.75 5 0.05 15.96543 16.06508 16.06540 16.04549

Continued on next page
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Table 2 — continued

Regime m kK ap 02=0 02=05 o0?’=1 o0?’=15 o0?>=2 o*=3
JHopt-(x,w) 075 5 0.05 15.99211 1597101 15.96543 15.96543
9(X.W)comb 0.75 5 0.05 15.96543 16.06508 16.06540 16.04549
Inaive-(x,w)  0.75 5 0.10 16.03748 16.02369 16.03183 16.02496
JH-opt-X 0.75 5 0.10 15.96543 16.05034 16.04576 16.03769
JHopt-(xw) 075 5 010 16.01771 1599411 15.96487 15.96543
9XW)comb 075 5 0.10 15.96543 16.05034 16.04576 16.03769
Gnaive-(x,wy 075 5 0.20 16.11195 16.00426 15.99782 15.98256
JH-opt-X 0.75 5 020 15.96543 16.02874 16.06428 16.03499
JHopt-(x, vy 0.75 5 0.20 16.09964 16.07396 15.94952 15.95720
9(xXW)comb 075 5 020 15.96543 16.02874 16.06428 16.03499
Gnaive-(x,w) 075 5 0.30 16.14943 15.97163 15.97517 15.96645
JH-opt-X 0.75 5 0.30 15.96820 16.03639 16.05773 16.03915
JHopt-(x,w) 0.75 5 030 16.14041 16.08619 15.96761 15.91562
9(X.W)comb 0.75 5 030 15.96820 16.03639 16.05773 16.03915
Prior: m =0.75, k =10

Gnaive-(x,wy  0.75 10 0.05 16.00338 16.04811 16.05283 16.03934
JH-opt-X 0.75 10 0.05 15.96543 16.06424 16.06090 16.04588
JHopt-(x,wy  0.75 10 0.05 15.99060 15.97101 15.96543 15.96543
9(XW)comb 0.75 10 0.05 15.96543 16.06424 16.06090 16.04588
Gnaive-(x,w)  0.75 10 0.10 16.03413 16.02633 16.03037 16.02347
JH-opt-X 0.75 10 0.10 15.96543 16.04938 16.04415 16.03896
JHopt-(x,w) 0.75 10 0.10 16.00931 1599701 15.96543 15.96543
9(X.W)comb 0.75 10 0.10 15.96543 16.04938 16.04415 16.03896
Gnaive-(x,wy  0.75 10 0.20 16.11206 16.00366 15.99767 15.98167
JH-opt-X 0.75 10 0.20 15.96543 16.02813 16.06408 16.03345
JHopt-(x,wy  0.75 10 0.20 16.08546 16.07271 15.94881 15.95862
9(XW)comb 0.75 10 0.20 15.96543 16.02813 16.06408 16.03345
Gnaive-(x,w) 0.7 10 0.30 16.15155 15.97068 15.97730 15.96505
JH-opt-X 0.75 10 0.30 15.96543 16.03941 16.05812 16.03903
JHopt-(x,w) 0.75 10 0.30 16.13356 16.08454 15.99478 16.02027
9(X.W)comb 0.75 10 0.30 15.96543 16.03941 16.05812 16.03903
Prior: m =0.95, k=3

Jnaive-(x,wy  0.95 3 0.05 16.00155 16.04653 16.05527 16.04086
JH-opt-X 0.95 3 0.05 15.96543 16.06681 16.06340 16.04948
JHopt-(x,wy  0.95 3 0.05 15.99616 15.97096 15.96543 15.96543
9XW)comb 0.95 3 0.05 15.96543 16.06681 16.06340 16.04948
Jnaive-(x,w)  0.95 3 0.10 16.03789 16.02925 16.03307 16.02748
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Table 2 — continued

Regime m Kk ap 02=0 02=05 o0’°=1 o0?°=15 o02=2 0’=3
JH-opt-X 095 3 0.10 15.965643 16.05068 16.04492 16.04385
JH-opt-(x,w) 095 3 0.10 16.03719 15.99684 15.96437 15.96543
9(XW)comp 0.95 3 0.10 15.96543 16.05068 16.04492 16.04385
Inaive-(x,wy  0.95 3 020 16.11195 16.00572  15.99522  15.98208
9H-opt-X 095 3 0.20 15.965643 16.03141 16.06259 16.03606
IH-opt-(x,wy 095 3 020 16.11052 16.07223 15.95554 15.95636
9(X,W)-comb 0.95 3 020 15.96543 16.03141 16.06259 16.03606
Inaive-(x, ) 095 3 030 16.14774 15.97901 15.97310 15.96290
9H-opt-X 0.95 3 0.30 15.96543 16.03919 16.05905 16.03936
JH-opt-(x,w) 0.95 3 0.30 16.14504 16.08328 15.94192 15.91726
9(X,W)-comb 0.95 3 030 15.96543 16.03919 16.05905 16.03936
Overall and reference regimes

Jcomb - - 0.05 15.96543 16.0657 16.06331 16.04806
Jcomb - - 0.1 15.96543 16.04735 16.03997 16.04074
Jcomb - - 0.2 1596543 16.03377 16.06232 16.03508
Jeomb - - 0.3 15.96543 16.04863 16.05898 16.04085
Jfreq - - — 1596543 15.96543 15.96543 15.96543
Jwithhold-all - - —  15.96543 15.96543 15.96543 15.96543
Jtreat-all - - — 1592373 15.92373 15.92373 15.92373
n = 2000

Prior: m =0.50, kK =3

Inaive-(x,w) 050 3 0.05 16.10184 16.06528 16.02060 15.99945
9H-opt-X 0.50 3 0.05 15.96543 16.09268 16.07202 16.06258
JH-opt-(x,w) 0.50 3 0.05 16.09501 1597453 15.96543 15.96543
9(X,W)-comb 0.50 3 0.05 15.96543 16.09268 16.07202 16.06258
Inaive-(x,wy 050 3 0.10 16.13747 16.03617 15.99812 15.98548
9H-opt-X 0.50 3 0.10 15.96543 16.08355 16.07104 16.06037
JH-opt-(x,w) 050 3 0.10 16.13039 16.01014 15.96543 15.96543
9(X,W)compb 0.50 3 0.10 15.96543 16.08355 16.07104 16.06037
Inaive-(x,w) 050 3 0.20 16.17283 15.99828 15.98966 15.98187
9H-opt-X 0.50 3 0.20 15.96543 16.05166 16.06095 16.04382
JH-opt-(x,w) 0.50 3 0.20 16.16901 16.07910 15.96543 16.01299
9(X,W)-comb 0.50 3 020 15.96543 16.05166 16.06095 16.04382
Inaive-(x,w) 050 3 030 16.21192 15.97189 15.97305 15.96282
JH-opt-X 0.50 3 0.30 15.965643 16.01787 16.04749 16.02599
JH-opt-(x,w) 0.50 3 0.30 16.20042 16.08559 16.03156 16.07127
9(X,W)compb 0.50 3 0.30 15.96543 16.01787 16.04749 16.02599
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Table 2 — continued

Regime m &k ap 02=0 0*=05 o’=1 o*=15 o’=2 o*=3
Prior: m =0.50, k=5

Inaive-(x,w)  0.50 5 0.05 16.10056 16.07058 16.01924 15.99989
9H-opt-X 0.50 5 0.05 15.965643 16.09032 16.07400 16.06243
JH-opt-(x,w) 050 5 0.05 16.09139 15.97838 15.96543 15.96543
9(X,W)compb 0.50 5 0.05 15.96543 16.09032 16.07400 16.06243
Inaive-(x,wy  0.50 5 0.10 16.13566 16.03996 15.99575 15.98719
9H-opt-X 0.50 5 0.10 15.96543 16.09014 16.07341 16.06028
IH-opt-(x,w) 050 5 0.10 16.12442 16.01167 15.96543 15.96543
9(X,W)-comb 0.50 5 0.10 15.96543 16.09014 16.07341 16.06028
Inaive-(x,w) 050 5 0.20 16.17349 16.00017 15.98991 15.98178
9H-opt-X 0.50 5 0.20 15.96543 16.05099 16.05893 16.04326
JH-opt-(x,w) 0.50 5 0.20 16.16567 16.08319 15.96543 16.01043
9(X,W)-comb 0.50 5 020 15.96543 16.05099 16.05893 16.04326
Inaive-(x,w) 050 5 030 16.20709 15.97127 15.97323 15.96664
9H-opt-X 0.50 5 0.30 15.96543 16.01701 16.04712 16.02368
JH-opt-(x,w) 050 5 030 16.19744 16.08762 16.02621 16.07407
9(XW)comp 050 5 030 1596543 16.01701 16.04712 16.02368
Prior: m = 0.50, k =10

Inaive-(x,w)  0.50 10 0.05 16.09919 16.06866 16.02000 16.00067
9H-opt-X 0.50 10 0.05 15.96543 16.09185 16.07114 16.06519
JH-opt-(x,w) 0.50 10 0.05 16.08311 15.97699 15.96543 15.96543
9(X,W)-comb 0.50 10 0.05 15.96543 16.09185 16.07114 16.06519
Inaive-(x,w)  0.50 10 0.10 16.13566 16.03440 15.99428 15.98533
9H-opt-X 0.50 10 0.10 15.96543 16.08496 16.07152 16.06150
JH-opt-(x,w)  0.50 10 0.10 16.11039 16.00613 15.96543 15.96543
9(X,W)comb 0.50 10 0.10 15.96543 16.08496 16.07152 16.06150
Inaive-(x,w)  0.50 10 0.20 16.17239 15.99952 15.98966 15.98055
9H-opt-X 0.50 10 0.20 15.96543 16.05099 16.06188 16.04380
JH-opt-(x,w) 0.50 10 0.20 16.14866 16.08035 15.96543 16.01268
9(X,W)-comb 0.50 10 0.20 15.96543 16.05099 16.06188 16.04380
Inaive-(x,w)  0.50 10 0.30 16.20800 15.97001 15.97163 15.96664
9H-opt-X 0.50 10 0.30 15.96543 16.01584 16.04724 16.02317
JH-opt-(x,w)  0.50 10 0.30 16.18136 16.08155 16.02630 16.07322
9(X,W)comb 0.50 10 0.30 15.96543 16.01584 16.04724 16.02317
Prior: m =0.75, Kk =3

Inaive-(x, ) 0.75 3 0.05 16.10094 16.06380 16.01844 15.99895
9H-opt-X 0.75 3 0.05 15.96543 16.09301 16.07199 16.06086
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Table 2 — continued

Regime m kK ap 02=0 02=05 o0?’=1 o0?’=15 o0?>=2 o*=3
IHoopt-(x,w) 075 3 0.05 16.09949 15.97661 15.96543 15.96543
9(X,W)-compb 075 3 0.05 15.96543 16.09301 16.07199 16.06086
Jnaive-(x,pry 075 3 010 16.13273 16.03242 15.99448 15.98527
JH-opt-X 0.75 3 0.10 15.96543 16.08536 16.06928 16.05984
JH-opt-(x,w) 0.75 3 0.10 16.13126 16.01548 15.96543 15.96543
9(X,W)-comb 0.75 3 0.10 15.96543 16.08536 16.06928 16.05984
Inaive-(x,w)  0.75 3 020 16.17430 16.00053 15.98991 15.98362
JH-opt-X 0.75 3 0.20 15.96543 16.05017 16.06284 16.04339
Iiopt-(xvy 075 3 020 16.17049 16.08072 15.96543 16.01959
9(XW)comb 075 3 0.20 1596543 16.05017 16.06284 16.04339
Gnaive-(x ) 0.75 3 030 16.21123 15.97252 15.97269 15.96489
YH-opt-X 0.75 3 0.30 15.96543 16.01751 16.04730 16.02317
Itopt-(x,w)  0.75 3 0.30 16.20660 16.07661 16.02798 16.07276
9(X,W)comb 0.75 3 030 15965643 16.01751 16.04730 16.02317
Prior: m =0.75, k=5

Inaive-(x,w)  0.75 5 0.05 16.10121 16.06420 16.01913 15.99869
JH-opt-X 0.75 5 0.05 15.96543 16.09117 16.07202 16.06525
IH-opt-(x,w) 0.75 5 0.05 16.09859 15.97868 15.96543 15.96543
IXW)comb 0.75 5 0.05 1596543 16.09117 16.07202 16.06525
Gnaive-(x ) 0.75 5 0.10 16.13621 16.03763 15.99385 15.98533
YH-opt-X 0.75 5 0.10 15.96543 16.09047 16.07449 16.05925
Itopt-(x, ) 075 5 0.10 16.12995 16.00790 15.96543 15.96543
9(X,W)comb 0.75 5 0.10 1596543 16.09047 16.07449 16.05925
Inaive-(x,w) 075 5 020 16.17298 16.00183 15.98991  15.98152
9H-opt-X 0.75 5 0.20 15.96543 16.05099 16.05891 16.04146
GH-opt-(X, W) 0.75 5 0.20 16.16937 16.08043 15.96543 16.01053
IXW)comb 0.75 5 020 15.96543 16.05099 16.05891 16.04146
Inaive-(X, W) 0.75 5 030 16.20923 15.97288 15.97498 15.96425
JH-opt-X 0.75 5 0.30 15.96543 16.01880 16.04617 16.02150
IH-opt-(x,w) 075 5 0.30 16.20058 16.07303 16.03547 16.06669
9(X,W)-comb 075 5 0.30 15.96543 16.01880 16.04617 16.02150
Prior: m =0.75, k =10

Inaive-(x,w)  0.75 10 0.05 16.10176 16.06377 16.01691 15.99926
JH-opt-X 0.75 10 0.05 15.96543 16.09117 16.07199 16.06417
GH-opt-(X, W) 0.75 10 0.05 16.08988 15.97838 15.96543 15.96543
9(XW)comb 0.75 10 0.05 15.96543 16.09117 16.07199 16.06417
Inaive-(X, W) 0.75 10 0.10 16.13689 16.03640 15.99565 15.98596
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Table 2 — continued

Regime m Kk ap 02=0 02=05 o0’°=1 o0?°=15 o02=2 0’=3
9H-opt-X 0.75 10 0.10 15.96543 16.08675 16.07411 16.06153
Iiopt-(x,w) 075 10 0.10 16.12347 16.00920 15.96543 15.96543
9(XW)-comp 0.75 10 0.10 15.96543 16.08675 16.07411 16.06153
Inaive-(x, ) 0.75 10 0.20 16.17159 15.99574 15.98991 15.98256
JH-opt-X 0.75 10 0.20 15.96543 16.04607 16.05929 16.04145
IH-opt-(x,w)  0.75 10 0.20 16.16390 16.08486 15.96815 15.99297
9(XW)comb 0.75 10 0.20 15.96543 16.04607 16.05929 16.04145
Inaive-(x,w) 075 10 0.30 16.21139 15.97249 15.97253 15.96425
JH-opt-X 0.75 10 0.30 15.96543 16.01614 16.04712 16.02549
IH-opt-(x,wy  0.75 10 0.30 16.19780 16.07291 16.03528 16.06629
9(X,W)-comb 0.75 10 0.30 15.96543 16.01614 16.04712 16.02549
Prior: m =0.95, Kk =3

Inaive-(x,w) 095 3 0.05 16.10094 16.06503 16.02262 16.00139
JH-opt-X 095 3 0.05 15.96543 16.09415 16.07278 16.06550
IHopt-(x,w) 095 3 0.05 16.09977 15.97621 15.96543 15.96543
9(XW)comb 095 3 0.05 15.96543 16.09415 16.07278 16.06550
Inaive-(x,w) 095 3 0.10 16.13689 16.03795 15.99418 15.98486
JH-opt-X 095 3 0.10 15.96543 16.08745 16.07075 16.06028
IH-opt-(x,wy 095 3 0.10 16.13689 16.01024 15.96543 15.96543
9(X,W)comb 0.95 3 0.10 15.96543 16.08745 16.07075 16.06028
Inaive-(x,w) 095 3 020 16.17383 16.00110 15.98966 15.98055
JH-opt-X 0.95 3 0.20 15.96543 16.05072 16.06210 16.04286
IHopt-(x,w) 095 3 020 16.17383 16.08188 15.96543 16.00652
9(XW)-comb 095 3 020 15.96543 16.05072 16.06210 16.04286
Inaive-(x,w) 095 3 030 16.21418 15.97258 15.97293  15.96403
9H-opt-X 095 3 0.30 15.96543 16.01692 16.04841 16.02341
IH-opt-(x,wy 095 3 0.30 16.21081 16.08270 16.03580 16.06731
9(XW)comb 095 3 030 15.96543 16.01692 16.04841 16.02341
Overall and reference regimes

Jeomb - - 0.05 15.96543 16.09301 16.07199 16.06086
Jeomb - - 0.1 15.96543 16.08536 16.06928 16.05984
Jeomb - - 0.2 15.96543 16.05882 16.06284 16.04339
Jeomb - - 0.3 1596543 16.0527  16.0473  16.02317
Jfreq - - —  15.96543 15.96543 15.96543 15.96543
Jwithhold-all - - — 1596543 15.96543 15.96543 15.96543
Jtreat-all - - - 15.92373 15.92373 15.92373 15.92373
n = 4000
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Table 2 — continued

Regime m kK ap 02=0 02=05 o0?’=1 o0?’=15 o0?>=2 o*=3
Prior: m =0.50, kK =3

Inaive-(x,wy  0.50 3 0.05 16.17072 16.05204 16.02850 16.01047 16.01569 16.01147
9H-opt-X 0.50 3 0.05 15.965643 16.13719 16.10977 16.11124 16.09944 16.07872
JH-opt-(x,w) 050 3 0.05 16.16489 15.96485 15.96543 15.96543 15.96543 15.96543
9(XW)comp 0.50 3 0.05 1596543 16.13719 16.10977 16.11124 16.09944 16.07872
Inaive-(x,wy  0.50 3 0.10 16.22500 16.03461 16.00816 16.00158 16.00622 15.98019
9H-opt-X 0.50 3 0.10 15.96543 16.11864 16.08717 16.08545 16.07596 16.05272
IH-opt-(x,w) 050 3 0.10 16.20780 15.98922 15.96543 15.96632 15.96543 15.96543
9(X,W)-comb 0.50 3 0.10 15.96543 16.11864 16.08717 16.08545 16.07596 16.05272
Inaive-(x,w) 050 3 0.20 16.30258 16.00212 15.98592 15.98493 15.98876 15.94778
9H-opt-X 0.50 3 0.20 15.96543 16.09506 16.06417 16.04751 16.04954 16.03066
JH-opt-(x,w) 0.50 3 0.20 16.29755 16.12907 15.99251 16.00998 15.89084 15.94598
9(X,W)-comb 0.50 3 020 15.96543 16.09506 16.06417 16.04751 16.04954 16.03066
Inaive-(x,w)  0.50 3 0.30 16.33334 15.98277 15.97899 15.97279 15.97567 15.95194
9H-opt-X 0.50 3 0.30 15.96543 16.07202 16.02881 16.03047 16.02800 16.01448
JH-opt-(x,w) 050 3 030 16.33167 16.16979 16.08657 16.12925 15.89633 15.79974
9(XW)comp 050 3 030 15.96543 16.07202 16.02881 16.03047 16.02800 16.01448
Prior: m =0.50, k=5

Inaive-(x,w) 050 5 0.05 16.17220 16.05328 16.02873 16.01568 16.01786 16.00893
9H-opt-X 0.50 5 0.05 15.96543 16.13806 16.10896 16.11054 16.10172 16.07931
JH-opt-(x,w) 0.50 5 0.05 16.16613 1596485 15.96543 15.96543 15.96543 15.96543
9(X,W)-comb 0.50 5 0.05 15.96543 16.13806 16.10896 16.11054 16.10172 16.07931
Inaive-(x,wy 050 5 0.10 16.21963 16.03408 16.00775 15.99549 16.00825 15.98153
9H-opt-X 0.50 5 0.10 15.96543 16.12050 16.09002 16.08683 16.07592 16.05289
JH-opt-(x,w) 050 5 0.10 16.20599 15.98251 15.96543 15.96632 15.96543 15.96543
9(XW)comp 0.50 5 0.10 15.96543 16.12050 16.09002 16.08683 16.07592 16.05289
Inaive-(x,w)  0.50 5 0.20 16.30380 16.00220 15.98797 15.98348 15.98975 15.94778
JH-opt-X 0.50 5 0.20 15.96543 16.09647 16.06204 16.04602 16.04744 16.02947
JH-opt-(x,w) 0.50 5 020 16.28571 16.13085 15.98779 16.00837 15.88833 15.94862
9(X,W)-comb 0.50 5 020 15.96543 16.09647 16.06204 16.04602 16.04744 16.02947
Gnaive-(x,w) 0.50 5 030 16.33364 15.98761 15.97899 15.97288 15.97567 15.95376
9H-opt-X 0.50 5 0.30 15.965643 16.07202 16.02941 16.02702 16.02644 16.01277
JH-opt-(x,w) 0.50 5 030 16.33206 16.17322 16.09550 16.13064 15.88398 15.81883
9(XW)compb 0.50 5 030 15.96543 16.07202 16.02941 16.02702 16.02644 16.01277
Prior: m =0.50, k =10

Inaive-(x,w)  0.50 10 0.05 16.17298 16.05278 16.02835 16.01405 16.01537 16.00600
9H-opt-X 0.50 10 0.05 15.96543 16.13355 16.10775 16.11124 16.10388 16.07785
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Table 2 — continued

Regime m kK ap 02=0 02=05 o0?’=1 o0?’=15 o0?>=2 o*=3
IH-opt-(x,w) 050 10 0.05 16.15916 15.96485 15.96543 15.96543 15.96543 15.96543
9(X,W)-comp 0.50 10 0.05 15.96543 16.13355 16.10775 16.11124 16.10388 16.07785
Gnaive-(x ) 0.50 10 0.10 16.22271 16.03405 16.00884 16.00148 16.00622 15.98908
9H-opt-X 0.50 10 0.10 15.96543 16.11864 16.08879 16.08730 16.07777 16.04878
JH-opt-(x,w) 0.50 10 0.10 16.19276 15.98997 15.96543 15.96632 15.96543 15.96585
9(X,W)-comb  0.50 10 0.10 15.96543 16.11864 16.08879 16.08730 16.07777 16.04878
Inaive-(x,w) 0.50 10 0.20 16.30452 16.00273 15.98784 15.98348 15.98975 15.96265
JH-opt-X 0.50 10 0.20 15.96543 16.09646 16.06352 16.05197 16.05065 16.01666
9H-opt-(x,w) 0.50 10 0.20 16.27325 16.12901 15.99025 16.00846 15.98958 15.90880
9(X,W)-comb 0.50 10 0.20 15.96543 16.09646 16.06352 16.05197 16.05065 16.01666
naive-(x ) 0.50 10 0.30 16.33523 15.98277 1597899 15.97279 15.97266 15.94511
JH-opt-X 0.50 10 0.30 15.96543 16.07078 16.02945 16.02940 16.03120 15.99730
IH-opt-(x,w) 0.50 10 0.30 16.32716 16.17270 16.09131 16.11413 16.00021 15.83170
9(X,W)-comb 0.50 10 0.30 15.96543 16.07078 16.02945 16.02940 16.03120 15.99730
Prior: m =0.75, k=3

Inaive-(x,w) 0.75 3 0.05 16.17038 16.05509 16.03030 16.01152 16.01541 16.00314
JH-opt-X 0.75 3 0.05 15.96543 16.13780 16.11088 16.11210 16.10103 16.06449
gH-opt-(x,w) 0.75 3 0.05 16.16601 15.96485 15.96543 15.96543 15.96543 15.96543
IXW)comb 0.75 3 0.05 1596543 16.13780 16.11088 16.11210 16.10103 16.06449
Gnaive-(x ) 0.75 3 0.10 16.22525 16.03253 16.01168 15.99781 16.00825 15.96980
JH-opt-X 0.75 3 0.10 15.96543 16.11864 16.09002 16.08655 16.07592 16.04950
IHopt-(x,w)  0.75 3 0.10 16.22349 15.97869 15.96543 15.96632 15.96543 15.96543
9(X,W)comb 0.75 3 0.10 15965643 16.11864 16.09002 16.08655 16.07592 16.04950
Inaive-(x,w) 075 3 020 16.30277 16.00319 15.99199 15.98493 15.98975 15.93761
9H-opt-X 0.75 3 0.20 15.96543 16.09646 16.06560 16.05034 16.05196 16.02612
GH-opt-(X, W) 0.75 3 0.20 16.30062 16.13109 15.99206 16.00590 15.88629 15.90327
9(X,W)-comb 0.75 3 0.20 15.96543 16.09646 16.06560 16.05034 16.05196 16.02612
Inaive-(X, W) 0.75 3 030 16.33570 15.98426 15.97899 15.97279 15.97558 15.94312
JH-opt-X 0.75 3 030 15.96543 16.07202 16.02945 16.02711 16.02800 16.00755
IHopt-(x,w) 075 3 0.30 16.33334 16.17619 16.09937 16.13568 15.88215 15.78348
9(X,W)-comb 075 3 030 15.96543 16.07202 16.02945 16.02711 16.02800 16.00755
Prior: m =0.75, k=5

Inaive-(x,w) 075 5 0.05 16.17056 16.05328 16.02860 16.01306 16.01776 16.01105
9H-opt-X 0.75 5 0.05 15.96543 16.13534 16.10841 16.11053 16.08877 16.08229
GH-opt-(X, W) 0.75 5 0.05 16.16720 15.96485 15.96543 15.96543 15.98701 15.96543
9(X,W)-comb 0.75 5 0.05 15.96543 16.13534 16.10841 16.11053 16.08877 16.08229
Inaive-(X, W) 0.75 5 0.10 16.22349 16.03461 16.01363 15.99888 16.00182 15.98390
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Table 2 — continued

Regime m kK ap 02=0 02=05 o0?’=1 o0?’=15 o0?>=2 o*=3

JH-opt-X 0.75 5 0.10 15.96543 16.11919 16.08725 16.08655 16.07761 16.06144
JHopt-(x,wy 075 5 0.10 16.21653 15.98730 15.96543 1596543 15.98536 15.96543
9XW)comb 075 5 0.10 15.96543 16.11919 16.08725 16.08655 16.07761 16.06144
Gnaive-(x,wy  0.75 5 0.20 16.30517 16.00005 15.98845 1598356 15.98432 15.95328
JH-opt-X 0.75 5 020 15.96543 16.09646 16.06405 16.04751 16.06088 16.02326
JHopt-(x,wy 075 5 0.20 16.30238 16.12728 15.99179 16.00544 16.03582 15.95883
9(xXW)comb 0.75 5 0.20 15.96543 16.09646 16.06405 16.04751 16.06088 16.02326
Gnaive-(x,w) 075 5 0.30 16.33345 15.98426 15.97899 1597279 15.97537 15.95263
JH-opt-X 0.75 5 0.30 15.96543 16.06897 16.03094 16.02732 16.03743 16.01662
JHopt-(xw) 0.75 5 030 16.33246 16.17290 16.09438 16.12514 16.06263 15.85819
9(xXW)comb 0.75 5 030 15.96543 16.06897 16.03094 16.02732 16.03743 16.01662
Prior: m =0.75, k =10

Jnaive-(x,wy  0.75 10 0.05 16.17020 16.05179 16.02646 16.01187 16.01270 15.99837
JH-opt-X 0.75 10 0.05 15.96543 16.13786 16.11113 16.11117 16.10202 16.07148
JHopt-(x,wy  0.75 10 0.05 16.16256 15.96485 15.96543 1596543 15.96543 15.96543
9(X.W)-comb 0.75 10 0.05 15.96543 16.13786 16.11113 16.11117 16.10202 16.07148
Jnaive-(x,w)  0.75 10 0.10 16.22373 16.03364 16.00799 15.99549 16.00517 15.97634
JH-opt-X 0.75 10 0.10 15.96543 16.11864 16.08725 16.08730 16.07476 16.04806
JHopt-(x,w) 0.75 10 0.10 16.20699 1598454 15.96543 15.96632 15.96543 15.96450
9(XW)comb 0.75 10 0.10 15.96543 16.11864 16.08725 16.08730 16.07476 16.04806
Gnaive-(x,wy  0.75 10 0.20 16.30410 16.00319 15.98573 1598663 15.98975 15.95286
JH-opt-X 0.75 10 0.20 15.96543 16.09646 16.06352 16.04891 16.05090 16.02756
JHopt-(x,wy 075 10 0.20 16.29190 16.12970 15.99166 16.00687 15.88282 15.89776
9(XW)comb 0.75 10 0.20 15.96543 16.09646 16.06352 16.04891 16.05090 16.02756
Gnaive-(x,w)  0.75 10 0.30 16.33390 15.98406 15.97899 15.97288 15.97567 15.94724
JH-opt-X 0.75 10 0.30 15.96543 16.07202 16.02945 16.03047 16.02644 16.00919
JHopt-(x,w) 0.75 10 0.30 16.33198 16.17098 16.08801 16.12582 15.91940 15.87123
9(X.W)comb 0.75 10 0.30 15.96543 16.07202 16.02945 16.03047 16.02644 16.00919
Prior: m =0.95, k=3

Gnaive-(x,wy  0.95 3 0.05 16.16913 16.05179 16.02873 16.01344 16.01515 16.00000
JH-opt-X 0.95 3 0.05 15.96543 16.13291 16.10935 16.11130 16.10158 16.07626
JHopt-(x,w)  0.95 3 0.05 16.16913 15.96485 15.96543 15.96543 15.96543 15.96543
9XW)comb 0.95 3 0.05 15.96543 16.13291 16.10935 16.11130 16.10158 16.07626
Gnaive-(x, ) 0.95 3 0.10 16.22474 16.03328 16.00941 15.99985 16.00573 15.98815
JH-opt-X 0.95 3 0.10 15.96543 16.11648 16.08762 16.08561 16.07592 16.05738
JHopt-(x,w) 0.95 3 010 16.22474 1598405 15.96543 15.96543 15.96543 15.96471
9(XW)comb 0.95 3 010 15.96543 16.11648 16.08762 16.08561 16.07592 16.05738
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Table 2 — continued

Regime m kK ap 02=0 02=05 o0?’=1 o0?’=15 o0?>=2 o*=3
Inaive-(x,w) 095 3 0.20 16.30303 16.00066 15.98355 15.98348 15.98975 15.95841
9H-opt-X 095 3 0.20 15.96543 16.09506 16.06560 16.04891 16.04901 16.03336
IH-opt-(x,wy 095 3 0.20 16.30303 16.13007 15.99082 16.00609 15.89217 15.91631
9(XW)comb 095 3 020 1596543 16.09506 16.06560 16.04891 16.04901 16.03336
Inaive-(x,w) 095 3 0.30 16.33462 15.98556 15.97899 15.97288 15.97567 15.94082
9H-opt-X 095 3 0.30 15.96543 16.07202 16.03160 16.02869 16.02644 16.01739
IH-opt-(x,w) 095 3 030 16.33345 16.16763 16.09321 16.12974 15.90671 15.82372
9(XW)-compb 095 3 030 15.96543 16.07202 16.03160 16.02869 16.02644 16.01739
Overall and reference regimes

Jcomb - - 0.05 15.96543 16.13780 16.11088 16.11210 16.10103 16.06449
Jeomb - - 0.1 1596543 16.12203 16.09002 16.08655 16.07592 16.04950
Jcomb - - 0.2 1596543 16.11411 16.06560 16.05034 16.05196 16.02612
Jcomb - - 0.3 15.96543 16.11458 16.02945 16.02711 16.02952 16.00390
Gfreq - - —  16.03692 15.96543 15.96543 15.96543 15.96543 15.96543
Gwithhold-all - - — 15.96543 15.96543 15.96543 15.96543 15.96543 15.96543
Jtreat-all - - - 1592373 15.92373 15.92373 15.92373 15.92373 15.92373

B.2 Mean expected outcomes under the truncated discrete student-t measure-
ment mechanism

Table 3: Mean expected outcomes under the truncated discrete student-t measurement mechanism

across prior specifications.

Regime  m K ap  AX=0 M=03 XN=08 MN=12
n = 1000
Prior: m =0.50, k=3
Jnaive-(x,wy 050 3 0.05 16.00356 16.10511 16.05057 16.05037
gopt.x 050 3 0.05 1596543 16.08243 16.09109 16.06369
JHopt-(x,wy  0.50 3 0.05 15.99345 15.97193 15.96662 15.96543
9(X.W)comb 050 3 0.05 1596543 16.08243 16.09109 16.06369
Gnaive-(x,w)  0.50 3 0.10 16.03538 16.08680 16.03686 16.04071
gopt-x 050 3 0.10 15.96543 16.07953 16.05119 16.06468
JHopt-(x,w) 050 3 0.10 16.01760 15.99888 15.96273 15.96543
9(X,W)comp 050 3 0.10 1596543 16.07953 16.05119 16.06468
Jnaive-(x,wy 050 3 0.20 16.10953 16.05611 15.99731 15.99316
gnopt.x 050 3 020 1596543 16.07073 16.07672 16.06243
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Table 3 — continued

Regime  m K ap AN =0 M=03 XN=08 NN=12
IH-opt-(x,w)  0.50 3 0.20 16.09295 16.06049 15.96882 15.96735
9(X,W)-comb 0.50 3 0.20 15.96543 16.07073 16.07672 16.06243
Gnaive-(x ) 050 3 0.30 16.14821 16.03654 15.97127 15.97672

9H-opt-X 0.50 3 0.30 15.96543 16.08360 16.07217 16.05188
IH-opt-(x,w) 0.50 3 0.30 16.14044 16.09913 15.99794 15.98406
9(X,W)-comb  0-50 3 0.30 15.96543 16.08360 16.07217 16.05188
Prior: m =0.50, k =5
Inaive-(x,w) 0.50 5 0.05 16.00000 16.10396 16.05274 16.04946

JH-opt-X 0.50 5 0.05 15.96543 16.08030 16.07537 16.06328
IH-opt-(x,w) 0.50 5 0.05 15.98608 15.97714 15.96505 15.96543
9(X,W)-comb 0.50 5 0.05 15.96543 16.08030 16.07537 16.06328
Gnaive-(x,w) 0.50 5 0.10 16.03801 16.08970 16.02100 16.03952

9H-opt-X 0.50 5 0.10 15.96543 16.07892 16.05781 16.06342
IH-opt-(x,w) 0.50 5 0.10 16.01047 15.99969 15.95670 15.96543
9(X,W)-comb  0-50 5 0.10 15.96543 16.07892 16.05781 16.06342
Inaive-(x,w) 050 5 0.20 16.11159 16.05338 15.99247 15.98987

GH-opt-X 0.50 5 0.20 15.96543 16.07428 16.07203 16.06289
9H-opt-(x,w) 0.50 5 0.20 16.08280 16.05695 15.96361 15.96278
9(XWycomb 050 5 020 1596543 16.07428 16.07203 16.06289
Gnaive-(x ) 050 5 0.30 16.14845 16.03652 15.96709 15.97763

JH-opt-X 050 5 0.30 15.96543 16.08781 16.06181 16.05259
IH-opt-(x,w) 0.50 5 0.30 16.13254 16.09712 16.05374 15.97642
9(X,W)-comb 050 5 0.30 15.96543 16.08781 16.06181 16.05259
Prior: m = 0.50, x =10
Inaive-(x,w) 0.50 10 0.05 16.00435 16.10521 16.04012 16.05245

GH-opt-X 0.50 10 0.05 15.96543 16.08150 16.09088 16.06061
Iiopt-(x,vr)  0.50 10 0.05 15.98376 15.97714 15.96460 15.96543
9(XWycomb 050 10 0.05 1596543 16.08150 16.09088 16.06061
naive-(x ) 0.50 10 0.10 16.03902 16.09344 16.03481 16.04363

JH-opt-X 0.50 10 0.10 15.96543 16.07956 16.05784 16.05746
JH-opt-(x,w) 0.50 10 0.10 16.00778 15.99945 15.96211 15.96543
9(X,W)-comb 0.50 10 0.10 15.96543 16.07956 16.05784 16.05746
Inaive-(x,w)  0.50 10 0.20 16.11149 16.05361 15.99615 15.99179

9H-opt-X 0.50 10 0.20 15.96543 16.07135 16.07748 16.05823
9H-opt-(x,w) 0.50 10 0.20 16.07762 16.05357 15.97917 15.96005
9(XWycomb 050 10 0.20 1596543 16.07135 16.07748 16.05823
Inaive-(x,w) 0.50 10 0.30 16.14470 16.03733 15.97617 15.97640

44

Continued on next page



Table 3 — continued

Regime  m K ap AN =0 M=03 XN=08 NN=12
9H-opt-X 0.50 10 0.30 15.96543 16.08529 16.07729 16.05093
9H-opt-(x,w) 0.50 10 0.30 16.13448 16.09248 16.06785 15.99258
9(X,W)-comb  0-50 10 0.30 15.96543 16.08529 16.07729 16.05093
Prior: m =0.75, k =3
Gnaive-(xw) 075 3 0.05 16.00456 16.10073 16.05492 16.04466
JH-opt-X 0.75 3 0.05 15.96543 16.08350 16.08558 16.06607
IH-opt-(x,w)  0.75 3 0.05 15.99621 15.97702 15.96543 15.96543
9(X,W)-comb 0.75 3 0.05 15.96543 16.08350 16.08558 16.06607
Inaive-(x,w)  0.75 3 0.10 16.03969 16.08405 16.03556 16.04209
9H-opt-X 0.75 3 0.10 15.96543 16.08282 16.05309 16.06340
9H-opt-(X, W) 0.75 3 0.10 16.02172 1599773 15.96657 15.96543
9(X,W)-comb 0.75 3 0.10 15.96543 16.08282 16.05309 16.06340
Inaive-(x,wy 075 3 0.20 16.10890 16.05330 15.99451 15.99057
GH-opt-X 0.75 3 0.20 15.96543 16.07007 16.07735 16.06531
Iiopt(xw) 0.75 3 0.20 16.09797 16.06094 15.98517 15.96124
9(X,W)-comb 0.75 3 0.20 15.96543 16.07007 16.07735 16.06531
Gnaive(x ) 0.75 3 030 16.14496 16.03795 15.97607 15.97712
JH-opt-X 0.75 3 0.30 15.96543 16.08352 16.06800 16.05099
H-opt-(x,w) 0.75 3 0.30 16.14432 16.09389 16.01376 15.99059
9(X,W)-comb 0.75 3 0.30 15.96543 16.08352 16.06800 16.05099
Prior: m =0.75, k=5
Inaive-(x,wy 075 5 0.05 16.00292 16.10136 16.05794 16.05177
GH-opt-X 0.75 5 0.05 15.96543 16.08058 16.08284 16.06829
Iiopt(xw) 0.75 5 0.05 1599211 1597702 15.96543 15.96543
9(X,W)-comb 0.75 5 0.05 15.96543 16.08058 16.08284 16.06829
Gnaive-(x, ) 0.75 5 0.10 16.03748 16.08789 16.03052 16.04023
JH-opt-X 0.75 5 0.10 15.96543 16.07956 16.05118 16.07016
H-opt-(x,w) 0.75 5 0.10 16.01771 15.99763 15.96322 15.96543
9(X,W)-comb 0.75 5 0.10 15.96543 16.07956 16.05118 16.07016
Inaive-(x,w)  0.75 5 0.20 16.11195 16.05585 15.99503 15.99155
9H-opt-X 0.75 5 0.20 15.96543 16.07053 16.07603 16.06603
JHop(xw) 0.75 5 020 16.09964 16.06192 16.01349 15.96381
9(XW)ycomb 075 5 020 1596543 16.07053 16.07603 16.06603
Inaive-(x,w)  0.75 5 030 16.14943 16.03640 15.97488 15.97651
JH-opt-X 0.75 5 0.30 15.96820 16.08055 16.07042 16.04968
IH-opt-(x,w)  0.75 5 0.30 16.14041 16.09713 16.04109 16.00886
9(X,W)-comb 0.75 5 0.30 15.96820 16.08055 16.07042 16.04968
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Table 3 — continued

Regime m & ap AX=0 M=03 NM=08 X=12
Prior: m =0.75, k =10
Inaive-(x,w)  0.75 10 0.05 16.00338 16.10320 16.05481 16.04725
YH-opt-X 0.75 10 0.05 15.965643 16.08066 16.09380 16.06889
JH-opt-(x,w)  0.75 10 0.05 1599060 15.97702 15.96543 15.96543
9(XW)comp 0.75 10 0.05 15.96543 16.08066 16.09380 16.06889
Inaive-(x,wy  0.75 10 0.10 16.03413 16.08823 16.03655 16.04202
GH-opt-X 0.75 10 0.10 15.96543 16.07765 16.04904 16.06741
IH-opt-(x,w)  0.75 10 0.10 16.00931 16.00071 15.96745 15.96543
9(X,W)-comb 0.75 10 0.10 15.96543 16.07765 16.04904 16.06741
Inaive-(x, ) 0.75 10 0.20 16.11206 16.05709 16.01099 15.99173
YH-opt-X 0.75 10 0.20 15.96543 16.07173 16.07710 16.06385
IH-opt-(x,w)  0.75 10 0.20 16.08546 16.05367 16.06604 15.95913
9(X,W)-comb 0.75 10 0.20 15.96543 16.07173 16.07710 16.06385
Inaive-(x,w)  0.75 10 0.30 16.15155 16.04007 15.98971  15.97556
GH-opt-X 0.75 10 0.30 15.965643 16.08540 16.07121 16.04984
IH-opt-(x,w) 0.75 10 0.30 16.13356 16.10041 16.06040 16.07004
9(XW)-comb 0.75 10 0.30 15.96543 16.08540 16.07121 16.04984
Prior: m =0.95, k=3
Inaive-(x, ) 0.95 3 0.05 16.00155 16.10611 16.05940 16.04932
9H-opt-X 0.95 3 0.05 15.96543 16.07997 16.08886 16.06276
IH-opt-(x,wy  0.95 3 0.05 15.99616 1597702 15.96543 15.96543
9(X,W)-comb 095 3 0.05 15.96543 16.07997 16.08886 16.06276
Inaive-(x,w)  0.95 3 0.10 16.03789 16.08988 16.03837 16.04331
9H-opt-X 095 3 0.10 15.965643 16.07998 16.05275 16.06159
IH-opt-(x, ) 0.95 3 0.10 16.03719 16.00201 15.96923 15.96543
9XW)-comb 095 3 0.10 1596543 16.07998 16.05275 16.06159
Inaive-(x,wy 0.95 3 020 16.11195 16.05515 15.99321  15.99318
YH-opt-X 0.95 3 0.20 15.96543 16.07442 16.07748 16.05990
IH-opt-(x,w)  0.95 3 0.20 16.11052 16.06123 16.06481 15.96142
9(X,W)-comb 095 3 0.20 15.96543 16.07442 16.07748 16.05990
Inaive-(x,w)  0.95 3 030 16.14774 16.03534 15.97762 15.97712
YH-opt-X 095 3 0.30 15.965643 16.08150 16.07272 16.04933
JH-opt-(x,w)  0.95 3 0.30 16.14504 16.09273 16.00199 16.00865
9XW)comp 095 3 0.30 1596543 16.08150 16.07272 16.04933
Overall and reference regimes
Jeomb - — 0.05 15.96543 16.08350 16.08558 16.06607
Jcomb - — 0.1 15.965643 16.08282 16.05309 16.06340
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Table 3 — continued

Regime  m K ap AN =0 M=03 XN=08 NN=12
Jcomb - - 0.2 15.96543 16.07571 16.07735 16.06531
Ycomb - — 0.3 15.96543 16.09861 16.06800 16.05065
Gfreq - - —  15.96543 15.96543 15.96543 15.96543

Gwithhold-all - - 15.96543 15.96543 15.96543 15.96543

Gtreat-all - - 15.92373 15.92373 15.92373 15.92373

n = 2000
Prior: m =0.50, k =3
Gnaive-(xw) 050 3 0.05 16.10184 16.11215 16.01269 16.01474
JH-opt-X 0.50 3 0.05 15.96543 16.06711 16.06546 16.06719
IH-opt-(x,w) 0.50 3 0.05 16.09501 15.97365 15.96543 15.96543
9(X,W)-comb 0.50 3 0.05 15.96543 16.06711 16.06546 16.06719
Gnaive(x ) 050 3 0.10 16.13747 16.09949 16.00907 15.99396
9H-opt-X 0.50 3 0.10 15.96543 16.06716 16.05742 16.06175
IH-opt-(x,w) 0.50 3 0.10 16.13039 16.02735 15.96507 15.96543
9(X,W)-comb  0.50 3 0.10 15.96543 16.06716 16.05742 16.06175
Inaive-(x,w) 050 3 020 16.17283 16.04592 15.99185 15.98516
GH-opt-X 0.50 3 0.20 15.96543 16.06979 16.04475 16.04839
Iiopr(xw) 0.50 3 0.20 16.16901 16.10222 16.01465 15.96457
9XWycomb 050 3 0.20 1596543 16.06979 16.04475 16.04839
Gnaive-(xy 050 3 030 16.21192 16.02118 15.98169 15.96828
JH-opt-X 050 3 0.30 15.96543 16.04665 16.03624 16.03906
GH-opt-(x,w) 0.50 3 0.30 16.20042 16.15572 16.05654 15.99596
9(X,W)-comb 050 3 0.30 15.96543 16.04665 16.03624 16.03906
Prior: m =0.50, k=5
Inaive-(x,w) 0.50 5 0.05 16.10056 16.11314 16.01275 16.01499
GH-opt-X 0.50 5 0.05 15.96543 16.06738 16.06271 16.06647
9H-opt-(x,w) 0.50 5 0.05 16.09139 15.97353 15.96543 15.96543
9(XWycomb 050 5 0.05 1596543 16.06738 16.06271 16.06647
Gnaive-(x ) 0.50 5 0.10 16.13566 16.10173 16.01029 15.99655
JH-opt-X 050 5 0.10 15.96543 16.06877 16.05667 16.06136
IH-opt-(x,w) 0.50 5 0.10 16.12442 16.02484 15.96458 15.96543
9(X,W)-comb 050 5 0.10 15.96543 16.06877 16.05667 16.06136
Inaive-(x,w)  0.50 5 0.20 16.17349 16.04962 15.99090 15.98440
9H-opt-X 0.50 5 0.20 15.96543 16.06731 16.04173 16.04987
9H-opt-(x,w) 0.50 5 0.20 16.16567 16.11350 16.01564 15.96406
9(XWycomb 050 5 0.20 1596543 16.06731 16.04173 16.04987
Inaive-(x,w) 0.50 5 0.30 16.20709 16.02103 15.98250 15.97148
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Table 3 — continued

Regime  m K ap AN =0 M=03 XN=08 NN=12
9H-opt-X 0.50 5 0.30 15.96543 16.04962 16.03423 16.03609
9H-opt-(x,w) 050 5 0.30 16.19744 16.15840 16.05808 15.99994
9(X,W)-comb 050 5 0.30 15.96543 16.04962 16.03423 16.03609
Prior: m =0.50, k =10
Gnaive-(x.wry  0.50 10 0.05 16.09919 16.11368 16.01524 16.01250
JH-opt-X 0.50 10 0.05 15.96543 16.07021 16.06233 16.06808
IH-opt-(x,w) 0.50 10 0.05 16.08311 15.97536 15.96543 15.96543
9(X,W)-comb 0.50 10 0.05 15.96543 16.07021 16.06233 16.06808
Inaive-(x,w)  0.50 10 0.10 16.13566 16.10168 16.01396 15.99542
9H-opt-X 0.50 10 0.10 15.96543 16.06184 16.05667 16.06098
9H-opt-(x,w) 0.50 10 0.10 16.11039 16.02776 15.96507 15.96543
9(X,W)-comb 0.-50 10 0.10 15.96543 16.06184 16.05667 16.06098
Inaive-(x,w) 0.50 10 0.20 16.17239 16.04962 15.99115 15.98234
GH-opt-X 0.50 10 0.20 15.96543 16.06866 16.04054 16.04915
Iiopt-(x,v) 0.50 10 0.20 16.14866 16.11188 16.02374 15.96346
9(X,W)-comb 0.50 10 0.20 15.96543 16.06866 16.04054 16.04915
naive-(x ) 050 10 0.30 16.20800 16.02046 15.98283 15.97085
JH-opt-X 0.50 10 0.30 15.96543 16.04202 16.03498 16.03590
9H-opt-(x,w) 0.50 10 0.30 16.18136 16.15839 16.06663 16.02033
9(X,W)-comb 050 10 0.30 15.96543 16.04202 16.03498 16.03590
Prior: m =0.75, k=3
Gnaive-(xw) 075 3 0.05 16.10094 16.11144 16.01745 16.01349
GH-opt-X 0.75 3 0.05 15.96543 16.06973 16.06353 16.06722
IH-opt-(x,w)  0.75 3 0.05 16.09949 15.97505 15.96543 15.96543
(X, W)-comb 0.75 3 0.05 15.96543 16.06973 16.06353 16.06722
Jnaive-(x ) 0.75 3 0.10 16.13273 16.09780 16.01242 15.99603
JH-opt-X 0.75 3 0.10 15.96543 16.07083 16.05650 16.06352
9H-opt-(x,w) 0.75 3 0.10 16.13126 16.02420 15.96669 15.96543
9(X,W)-comb 0.75 3 0.10 15.96543 16.07083 16.05650 16.06352
Gnaive-(x,w)  0.75 3 0.20 16.17430 16.05271 15.99285 15.98666
9H-opt-X 0.75 3 0.20 15.96543 16.06883 16.04596 16.05177
Jropt-(xv) 075 3 020 16.17049 16.10750 16.02847 15.96346
9XWycomb 075 3 020 1596543 16.06883 16.04596 16.05177
Inaive-(x,w) 075 3 030 16.21123 16.02115 15.98250 15.97139
JH-opt-X 0.75 3 030 15.96543 16.04901 16.03474 16.04020
IH-opt-(x,w)  0.75 3 0.30 16.20660 16.15688 16.06622 15.99745
9(X,W)-comb 0.75 3 0.30 15.96543 16.04901 16.03474 16.04020

48

Continued on next page



Table 3 — continued

Regime m & ar X=0 M=03 X=08 MN=12
Prior: m =0.75, k=5
Inaive-(x,w)  0.75 5 0.05 16.10121 16.11553 16.01295 16.01554
YH-opt-X 0.75 5 0.05 15.965643 16.06347 16.06077 16.06700
IH-opt-(x,w)  0.75 5 0.05 16.09859 15.97521 15.96543 15.96543
9XW)comp 0.75 5 0.05 1596543 16.06347 16.06077 16.06700
Inaive-(x,wy  0.75 5 0.10 16.13621 16.09829 16.01152 15.99716
GH-opt-X 0.75 5 0.10 15.96543 16.06694 16.05589 16.06204
JH-opt-(x,w) 0.75 5 0.10 16.12995 16.03010 15.96787 15.96543
9(X,W)-comb 0.75 5 0.10 15.96543 16.06694 16.05589 16.06204
Inaive-(x, ) 0.75 5 0.20 16.17298 16.04624 15.99185 15.98404
JH-opt-X 0.75 5 0.20 15.96543 16.06580 16.04032 16.05340
IH-opt-(x,w)  0.75 5 0.20 16.16937 16.10161 16.02827 15.96374
9(X,W)-comb 0.-75 5 0.20 15.96543 16.06580 16.04032 16.05340
Inaive-(x,w) 0.75 5 030 16.20923 16.01782 15.98244  15.97343
GH-opt-X 0.75 5 0.30 15.96543 16.04465 16.02957 16.03662
IH-opt-(x,w)  0.75 5 0.30 16.20058 16.16198 16.06669 16.00438
9XW)comb 0.75 5 0.30 15.96543 16.04465 16.02957 16.03662
Prior: m =0.75, k =10
Inaive-(x, ) 0.75 10 0.05 16.10176 16.11241 16.01553 16.01240
JH-opt-X 0.75 10 0.05 15.96543 16.06686 16.06483 16.06504
IH-opt-(x,w)  0.75 10 0.05 16.08988 1597327 15.96543 15.96543
9(X,W)-comb 0.-75 10 0.05 15.96543 16.06686 16.06483 16.06504
Inaive-(x,wy  0.75 10 0.10 16.13689 16.10152 16.01549  15.99449
9H-opt-X 0.75 10 0.10 15.96543 16.06783 16.05667 16.06154
IH-opt-(x,w)  0.75 10 0.10 16.12347 16.02924 15.97122 15.96543
9(XW)-comb 0.75 10 0.10 15.96543 16.06783 16.05667 16.06154
Inaive-(x,wy  0.75 10 0.20 16.17159 16.04797 15.99090 15.98516
JH-opt-X 0.75 10 0.20 15.96543 16.06888 16.04196 16.05102
IH-opt-(x,w)  0.75 10 0.20 16.16390 16.10676 16.04222 15.96597
9(X,W)-comb 0.75 10 0.20 15.96543 16.06888 16.04196 16.05102
Inaive-(x,w)  0.75 10 0.30 16.21139 16.01932 15.98244  15.97159
YH-opt-X 0.75 10 0.30 15.965643 16.04668 16.03463 16.03995
JH-opt-(x,w) 0.75 10 0.30 16.19780 16.15717 16.07093 16.02563
9(XW)comp 0.75 10 0.30 15.96543 16.04668 16.03463 16.03995
Prior: m =0.95, k=3
Inaive-(x,wy 0.95 3 0.05 16.10094 16.11100 16.01399 16.01492
JH-opt-X 0.95 3 0.05 15.96543 16.06728 16.06240 16.07012
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Table 3 — continued

Regime  m K ap AN =0 M=03 XN=08 NN=12
IH-opt-(x,w)  0.95 3 0.05 16.09977 1597138 15.96543 15.96543
9(X,W)-comb 095 3 0.05 15.96543 16.06728 16.06240 16.07012
Inaive-(x,wy  0.95 3 0.10 16.13689 16.09957 16.01242  15.99892

JH-opt-X 095 3 0.10 15.96543 16.06499 16.05667 16.06204
IH-opt-(x,wy  0.95 3 0.10 16.13689 16.02746 15.96939 15.96543
9(X,W)-comb 095 3 0.10 15.96543 16.06499 16.05667 16.06204
Inaive-(x,wy - 0.95 3 020 16.17383 16.05104 15.99379  15.98291

JH-opt-X 095 3 0.20 15.96543 16.06735 16.04724 16.05402
IH-opt-(x,wy 095 3 020 16.17383 16.10749 16.02614 15.96428
9(X,W)-comb 0.95 3 0.20 15.96543 16.06735 16.04724 16.05402
Inaive-(x, ) 0.95 3 0.30 16.21418 16.01949 15.98173 15.97281

JH-opt-X 095 3 0.30 15.96543 16.04467 16.03474 16.04094
IH-opt-(x,wy  0.95 3 0.30 16.21081 16.15863 16.07029 16.00433
9(X,W)-comb 095 3 0.30 15.96543 16.04467 16.03474 16.04094
Overall and reference regimes

Gcomb - —  0.05 15.96543 16.06973 16.06353 16.06722
Gcomb - - 0.1 1596543 16.07189 16.05650 16.06352
Gcomb - — 0.2 1596543 16.09181 16.04596 16.05177
Gcomb - — 0.3 15.96543 16.10033 16.03474 16.0402
Jfreq - - - 15.96543 15.96543 15.96543 15.96543
Owithhold-all  — — — 15.96543 15.96543 15.96543 15.96543

Gtreat-all - - - 15.92373 15.92373 15.92373 15.92373
n = 4000
Prior: m =0.50, k =3
Inaive-(x,w)  0.50 3 0.05 16.17072 16.11200 16.03182 16.04045

GH-opt-X 050 3 0.05 15.96543 16.17147 16.12186 16.10641
IH-opt-(x,w) 050 3 0.05 16.16489 15.96520 15.96543 15.96543
9(X,W)-comb 050 3 0.05 15.96543 16.17933 16.12186 16.10641
Inaive-(x,wy 050 3 0.10 16.22500 16.10054 16.01965 16.01950

JH-opt-X 050 3 0.10 15.96543 16.17458 16.10470 16.08192
JH-opt-(x,w) 0.50 3 0.10 16.20780 15.97280 15.99052 15.96632
9(X,W)-comb 050 3 0.10 15.96543 16.18460 16.10470 16.08192
Inaive-(x,wy  0.50 3 0.20 16.30258 16.06999 16.00438  15.98409

JH-opt-X 050 3 0.20 15.96543 16.15744 16.07587 16.05250
IH-opt-(x,w) 050 3 0.20 16.29755 16.07848 16.11554 15.99193
9(X,W)-comb 050 3 0.20 15.96543 16.17274 16.07587 16.05250
Inaive-(x, ) 0.50 3 0.30 16.33334 16.02634 15.98361 15.96586
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Table 3 — continued

Regime  m K ap AN =0 M=03 XN=08 NN=12
9H-opt-X 0.50 3 0.30 15.96543 16.14523 16.05394 16.02932
9H-opt-(x,w) 0.50 3 0.30 16.33167 16.15193 16.15685 16.12014
9(XWycomb 050 3 030 1596543 16.16291 16.05394 16.02932
Prior: m =0.50, k=5
Gnaive-(xw) 050 5 0.05 16.17220 16.11344 16.03240 16.04204
JH-opt-X 0.50 5 0.05 15.96543 16.16900 16.12039 16.10641
IH-opt-(x,w) 0.50 5 0.05 16.16613 15.96495 15.96543 15.96543
9(X,W)-comb 0.50 5 0.05 15.96543 16.17767 16.12039 16.10641
Inaive-(x,w)  0.50 5 0.10 16.21963 16.09685 16.01990 16.02058
9H-opt-X 0.50 5 0.10 15.96543 16.17681 16.10450 16.08212
9H-opt-(x,w) 0.50 5 0.10 16.20599 15.97280 15.99321 15.96632
9(XWycomb 050 5 010 1596543 16.18765 16.10450 16.08212
Inaive-(x,w) 0.50 5 0.20 16.30380 16.06904 16.00301 15.98377
GH-opt-X 0.50 5 0.20 15.96543 16.15616 16.07780 16.05387
Iiopt-(x,vy 050 5 0.20 16.28571 16.07912 16.12610 15.99438
9(X,W)-comb 0.50 5 0.20 15.96543 16.17106 16.07780 16.05387
naive-(x ) 050 5 0.30 16.33364 16.02352 15.98361 15.96586
JH-opt-X 050 5 0.30 15.96543 16.14245 16.05087 16.02940
IH-opt-(x,w) 0.50 5 0.30 16.33206 16.15263 16.16473 16.10766
9(X,W)-comb 050 5 0.30 15.96543 16.15974 16.05087 16.02940
Prior: m = 0.50, x =10
Inaive-(x,w)y 0.50 10 0.05 16.17298 16.11242 16.03255 16.04064
GH-opt-X 0.50 10 0.05 15.96543 16.17214 16.12186 16.10781
Iiopt-(x,vr)  0.50 10 0.05 16.15916 15.96495 15.96543 15.96543
9(X,W)-comb 0.50 10 0.05 15.96543 16.17620 16.12186 16.10781
Gnaive-(x,nr) 050 10 0.10 16.22271 16.09934 16.01877 16.02102
JH-opt-X 0.50 10 0.10 15.96543 16.17844 16.10809 16.08082
IH-opt-(x,w) 0.50 10 0.10 16.19276 15.97228 15.99738 15.96632
9(X,W)-comb 050 10 0.10 15.96543 16.18358 16.10809 16.08082
Inaive-(x,w)  0.50 10 0.20 16.30452 16.07148 16.00138 15.98035
9H-opt-X 0.50 10 0.20 15.96543 16.15829 16.07778 16.05233
JHopt-(xv) 050 10 020 16.27325 16.07799 16.12814 16.00000
9(XWycomb 050 10 0.20 1596543 16.16871 16.07778 16.05233
Inaive-(x,w) 0.50 10 0.30 16.33523 16.02490 15.98361 15.96586
JH-opt-X 0.50 10 0.30 15.96543 16.14296 16.05320 16.02932
JH-opt-(x,w) 0.50 10 0.30 16.32716 16.15790 16.16607 16.11913
9(X,W)-comb 0.50 10 0.30 15.96543 16.15459 16.05320 16.02932
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Table 3 — continued

Regime m & ap AX=0 M=03 NM=08 X=12
Prior: m =0.75, k=3
Inaive-(x,w)  0.75 3 0.05 16.17038 16.11111 16.03033 16.04137
YH-opt-X 0.75 3 0.05 15.965643 16.16993 16.12073 16.10781
IH-opt-(x,w)  0.75 3 0.05 16.16601 15.96495 15.96543 15.96543
9(XW)comp 0.75 3 0.05 1596543 16.17616 16.12073 16.10781
Inaive-(x,wy  0.75 3 0.10 16.22525 16.09969 16.01919 16.01778
GH-opt-X 0.75 3 0.10 15.96543 16.17676 16.10636 16.07962
IH-opt-(x,w)  0.75 3 0.10 16.22349 1597165 15.99551 15.96632
9(X,W)-comb 0.75 3 0.10 15.96543 16.18408 16.10636 16.07962
Inaive-(x, ) 0.75 3 0.20 16.30277 16.06936 16.00314 15.98248
JH-opt-X 0.75 3 0.20 15.96543 16.15826 16.07863 16.05060
IH-opt-(x,w)  0.75 3 0.20 16.30062 16.07788 16.13375 15.99484
9(X,W)-comb 0.75 3 0.20 15.96543 16.17086 16.07863 16.05060
Inaive-(x,w)  0.75 3030 16.33570 16.02502 15.98361 15.96586
GH-opt-X 0.75 3 0.30 15.96543 16.14410 16.05112 16.02769
IH-opt-(x,w)  0.75 3 0.30 16.33334 16.15689 16.16834 16.10702
9(XW)comp 0.75 3 0.30 15.96543 16.15909 16.05112 16.02769
Prior: m =0.75, k=5
Inaive-(x, ) 0.75 5 0.05 16.17056 16.11323 16.03011 16.03969
JH-opt-X 0.75 5 0.05 15.96543 16.16987 16.12073 16.10641
IH-opt-(x,wy  0.75 5 0.05 16.16720 15.96520 15.96543 15.96543
9(X,W)-comb 0.75 5 0.05 15.96543 16.17688 16.12073 16.10641
Inaive-(x,wy  0.75 5 0.10 16.22349 16.09957 16.01837 16.01849
9H-opt-X 0.75 5 0.10 15.96543 16.17681 16.10314 16.08117
IH-opt-(x,w)  0.75 5 0.10 16.21653 15.96944 15.99459 15.96632
9(XW)comb 0.75 5 0.10 1596543 16.18492 16.10314 16.08117
Inaive-(x,wy 0.75 5 020 16.30517 16.07022 16.00235 15.98377
JH-opt-X 0.75 5 0.20 15.96543 16.15729 16.07725 16.05233
IH-opt-(x,w)  0.75 5 020 16.30238 16.07957 16.13186 15.99393
9(X,W)-comb 0.75 5 0.20 15.96543 16.17067 16.07725 16.05233
Inaive-(x,w)  0.75 5 0.30 16.33345 16.02365 15.98361 15.96586
YH-opt-X 0.75 5 0.30 15.965643 16.14268 16.05607 16.03029
JH-opt-(x,w)  0.75 5 0.30 16.33246 16.15806 16.16383 16.12328
9XW)comp 0.75 5 0.30 15.96543 16.15845 16.05607 16.03029
Prior: m =0.75, k =10
Inaive-(x,w)  0.75 10 0.05 16.17020 16.11314 16.02894  16.04064
JH-opt-X 0.75 10 0.05 15.96543 16.17423 16.12307 16.10741
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Table 3 — continued

Regime  m K ap AN =0 M=03 XN=08 NN=12
IH-opt-(x,w)  0.75 10 0.05 16.16256 15.96495 15.96543 15.96543
9(X,W)-comb 0.75 10 0.05 15.96543 16.18290 16.12307 16.10741
Inaive-(x,w)  0.75 10 0.10 16.22373 16.10054 16.02006 16.02037

9H-opt-X 0.75 10 0.10 15.96543 16.17644 16.10376 16.08117
JH-opt-(x,w)  0.75 10 0.10 16.20699 15.97113 15.99631 15.96632
9(X,W)-comb 0.75 10 0.10 15.96543 16.18824 16.10376 16.08117
Inaive-(x,w)  0.75 10 0.20 16.30410 16.06827 16.00286 15.98830

GH-opt-X 0.75 10 0.20 15.96543 16.15642 16.07780 16.05250
IH-opt-(x,w) 075 10 020 16.29190 16.07413 16.13694 15.99150
9(XW)-comp 0.75 10 0.20 15.96543 16.17253 16.07780 16.05250
Inaive-(x,w)  0.75 10 0.30 16.33390 16.02490 15.98361 15.96586

9JH-opt-X 0.75 10 0.30 15.96543 16.14395 16.05410 16.02940
JH-opt-(x,w)  0.75 10 0.30 16.33198 16.15463 16.16797 16.08989
9(X,W)-comp 0.75 10 0.30 15.96543 16.16245 16.05410 16.02940
Prior: m=0.95, k=3
Inaive-(x, ) 0.95 3 0.05 16.16913 16.11177 16.02991 16.03999

GH-opt-X 095 3 0.05 15.96543 16.16791 16.12073 16.10641
IH-opt-(x,w) 095 3 0.05 16.16913 15.96495 15.96543 15.96543
9(X,W)-comb 095 3 0.056 1596543 16.17711 16.12073 16.10641
Inaive-(x,w) 095 3 0.10 16.22474 16.09950 16.01791 16.01904

9JH-opt-X 0.95 3 0.10 15.96543 16.17243 16.10339 16.08117
JH-opt-(x,w)  0.95 3 0.10 16.22474 15.97228 15.99876 15.96632
9(X,W)comb 095 3 0.10 1596543 16.18476 16.10339 16.08117
Inaive-(x, ) 0.95 3 0.20 16.30303 16.06705 16.00301 15.98617

9H-opt-X 095 3 0.20 15.96543 16.15832 16.07682 16.05250
IH-opt-(x,w)  0.95 3 0.20 16.30303 16.07685 16.12577 15.99482
9(X,W)-comb 0.95 3 0.20 15.96543 16.17392 16.07682 16.05250
Inaive-(x, ) 0.95 3 0.30 16.33462 16.02502 15.98361 15.96586

9H-opt-X 095 3 0.30 15.96543 16.14523 16.05187 16.02777
IH-opt-(x,w)  0.95 3 0.30 16.33345 16.15194 16.17090 16.10984
9(X,W)comp 095 3 0.30 1596543 16.16321 16.05187 16.02777
Overall and reference regimes

Jcomb - - 0.05 15.96543 16.1786 16.12073 16.10781
Jcomb - - 0.1 1596543 16.20272 16.10636 16.07962
Jcomb - - 0.2 15.96543 16.22711 16.07863  16.0506
Jcomb - - 0.3 1596543 16.23153 16.05936 16.02769
Jfreq - - - 16.03692 15.96543 15.96543 15.96543

53

Continued on next page



Table 3 — continued
Regime  m K ap AN =0 M=03 XN=08 NN=12

Jwithhold-all ~ — - - 1596543 15.96543 15.96543 15.96543
Jtreat-all - - — 1592373 15.92373 15.92373 15.92373

B.3 Mean expected outcomes under the diagonal-inflated discrete uniform mea-
surement mechanism

Table 4: Mean expected outcomes under the diagonal-inflated discrete uniform measurement mech-
anism across prior specifications.

Regime m K afp 0=1 6=095 6§=07 6=0.5
n = 1000
Prior: m =0.50, k=3

0.05 16.00356 16.03393 16.02803 16.11463
0.05 15.96543 15.96543 15.96543 16.10012
0.05 15.99345 15.98400 15.96950 16.06171
0.05 15.96543 15.965643 15.96543 16.10012

0.10 16.03538 16.06976 16.02360 16.07446
0.10 15.96543 15.96543 15.965643 16.12502
0.10 16.01760 16.00061 15.96616 16.07691
0.10 15.96543 15.96543 15.96543 16.12502

0.20 16.10953 16.14009 16.01725 16.04188
0.20 15.96543 15.96543 15.96154 16.10847
0.20 16.09295 16.06369 16.02114 16.06438
0.20 15.96543 15.965643 15.96154 16.10847

0.30 16.14821 16.16502 15.99783 16.00796
0.30 15.96543 15.96543 15.96768 16.10500
0.30 16.14044 16.12551 16.01345 16.03955
0.30 15.96543 15.96543 15.96768 16.10500

Ynaive-(X,W) 0.50

9H-opt-X 0.50
9H-opt-(x,w) 0.50
9(X,W)-comb 0.50

Ynaive-(X,W) 0.50

9H-opt-X 0.50
9H-opt-(X, W) 0.50
9(X,W)-comb 0.50

Ynaive-(X,W) 0.50

9H-opt-X 0.50
9H-opt-(x,w) 0.50
9(X,W)-comb 0.50
Inaive-(X, W) 0.50

9H-opt-X 0.50
IH-opt-(x,w) 0.50
9(X,W)-comb 0.50
Prior: m =0.50, k=5

LW W W W WWWwWw WwWwww wWwwww

0.05 16.00000 16.03548 16.03415 16.11212
0.05 15.96543 15.96543 15.96543 16.10372
0.05 15.98608 15.98341 15.96830 16.05983
0.05 15.96543 15.96543 15.96543 16.10372

0.10 16.03801 16.07272 16.02595 16.07446
0.10 15.96543 15.96543 15.965643 16.12297
0.10 16.01047 16.00132 15.96630 16.07524

Ynaive-(X,W) 0.50

9H-opt-X 0.50
9H-opt-(x,w) 0.50
9(X,W)-comb 0.50

Ynaive-(X,W) 0.50
9H-opt-X 0.50
9H-opt-(x,w) 0.50

v v Ot Ot Ot Ot Ot
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Table 4 — continued from previous page

Regime m K afp 0=1 6=095 6=07 6=0.5
9(X,W)-comb 050 5 0.10 15.96543 15.96543 15.96543 16.12297
Guaive-(xw) 050 5 0.20 16.11159 16.14184 16.01902 16.04207

YH-opt-X 0.50 5 0.20 15.96543 15.96543 15.96266 16.10120
IH-opt-(x,wy 050 5 0.20 16.08280 16.06179 16.02933 16.06162
9XW)comp 050 5 0.20 15.96543 15.96543 15.96266 16.10120
Inaive-(x,w) 050 5 0.30 16.14845 16.16647 15.99994 16.01716

9H-opt-X 0.50 5 0.30 15.96543 15.96543 15.96768 16.10308
IH-opt-(x,w)  0.50 5 0.30 16.13254 16.12393 16.01983 16.05080
9(XW)comb 050 5 0.30 15.96543 1596543 15.96768 16.10308
Prior: m =0.50, k =10
Inaive-(x, ) 0.50 10 0.05 16.00435 16.03348 16.03143 16.11228

YH-opt-X 0.50 10 0.05 15.96543 15.96543 15.96543 16.10358
IH-opt-(x,wy  0.50 10 0.05 15.98376 1598434 15.97006 16.05026
9(XW)-comp 0.50 10 0.05 15.96543 15.96543 15.96543 16.10358
Inaive-(x,w)  0.50 10 0.10 16.03902 16.06966 16.02483 16.07365

9H-opt-X 0.50 10 0.10 15.96543 15.96543 15.96543 16.12280
IH-opt-(x,w) 0.50 10 0.10 16.00778 15.99440 15.97080 16.06931
9(XW)-comp 050 10 0.10 15.96543 15.96543 15.96543 16.12280
Guaive-(xw) 050 10 0.20 16.11149 161412  16.01607 16.04200

9H-opt-X 0.50 10 0.20 15.96543 15.96543 15.96138 16.10518
IH-opt-(x,w)  0.50 10 0.20 16.07762 16.05876 16.02655 16.07700
9(X,W)-comb 050 10 0.20 15.96543 15.96543 15.96138 16.10518
Inaive-(x,w)  0.50 10 0.30 16.14470 16.16595 15.99647 16.01426

YH-opt-X 0.50 10 0.30 15.96543 15.96543 15.96799 16.10651
JH-opt-(x,w) 0.50 10 0.30 16.13448 16.12027 16.02767 16.06660
9(XW)-comp 0.50 10 0.30 15.96543 15.96543 15.96799 16.10651
Prior: m =0.75, k =3
Inaive-(x, ) 0.75 3 0.05 16.00456 16.0333  16.02959 16.11316

9H-opt-X 0.75 3 0.05 15.96543 15.96543 15.96543 16.10283
IH-opt-(x,w)  0.75 3 0.05 15.99621 15.98922 15.96765 16.07177
9(X,W)-comb 0.75 3 0.05 15.96543 15.96543 15.96543 16.10283
Inaive-(x,w)  0.75 3 0.10 16.03969 16.07093 16.02385 16.07219

YH-opt-X 0.75 3 0.10 15.96543 15.96543 15.96543 16.12239
JH-opt-(x,w)  0.75 3 0.10 16.02172 16.00278 15.96606 16.06868
9(XW)comp 0.75 3 0.10 1596543 1596543 15.96543 16.12239
Inaive-(x,wy 0.75 3020 16.10890 16.14402  16.0169  16.04097

9H-opt-X 0.75 3 0.20 15.96543 15.96543 15.96266 16.10752
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Table 4 — continued from previous page

Regime m K afp 0=1 6=095 6=07 6=0.5
IH-opt-(x,w)  0.75 3 0.20 16.09797 16.06656 16.02042 16.05192
9(X,W)-comb 0.75 3 0.20 15.96543 15.96543 15.96266 16.10752
Inaive-(x, ) 0.75 3 0.30 16.14496 16.17132 15.99916 16.01142

YH-opt-X 0.75 3 0.30 15.965643 15.97020 15.96799 16.10651
IH-opt-(x,wy  0.75 3 0.30 16.14432 16.13829 16.01031 16.03598
9XW)comp 0.75 3 030 1596543 15.97020 15.96799 16.10651
Prior: m =0.75, k=5
Inaive-(x,wy 0.75 5 0.05 16.00292 16.03555 15.96929 16.11477

9H-opt-X 0.75 5 0.05 15.96543 15.96543 15.96543 16.10275
IH-opt-(x,w)  0.75 5 0.05 15.99211 15.98917 15.96789 16.06674
9(X,W)-comb 0.75 5 0.05 15.96543 15.96543 15.96543 16.10275
Inaive-(x,w)  0.75 5 0.10 16.03748 16.07006 15.96929 16.07365

YH-opt-X 0.75 5 0.10 15.96543 15.96543 15.96543 16.12157
IH-opt-(x,wy  0.75 5 0.10 16.01771 16.00072 15.96697 16.07280
9XW)comp 0.75 5 0.10 1596543 15.96543 15.96543 16.12157
Inaive-(X,W) 0.75 5 0.20 16.11195 16.14231 15.96929 16.04026

9H-opt-X 0.75 5 0.20 15.96543 15.96543 15.96266 16.10791
IH-opt-(x, ) 075 5 0.20 16.09964 16.06412 16.01934 16.05645
9XW)comb 0.75 5 0.20 1596543 15.96543 15.96266 16.10791
Inaive-(x, ) 0.75 5 0.30 16.14943 16.16465 15.96929  16.0113

H-opt-X 0.75 5 0.30 15.96820 15.97203 15.96892 16.10310
IH-opt-(x,w)  0.75 5 0.30 16.14041 16.12749 16.01829 16.04327
9(X,W)-comb 075 5 0.30 15.96820 15.97203 15.96892 16.10310
Prior: m =0.75, k =10
Inaive-(x,wy  0.75 10 0.05 16.00338 16.03257 16.03347 16.11251

9H-opt-X 0.75 10 0.05 15.96543 15.96543 15.96543 16.10550
IH-opt-(x,wy  0.75 10 0.05 1599060 15.98794 15.96835 16.06128
9(XW)-comb 0.75 10 0.05 15.96543 1596543 15.96543 16.10550
Inaive-(x, ) 0.75 10 0.10 16.03413 16.07192 16.02205 16.07707

9H-opt-X 0.75 10 0.10 15.96543 15.96543 15.96543 16.12124
IH-opt-(x,w)  0.75 10 0.10 16.00931 16.00211 15.96322 16.07979
9(X,W)-comb 0.75 10 0.10 15.96543 15.96543 15.96543 16.12124
Inaive-(x,w)  0.75 10 0.20 16.11206 16.14223 16.01725 16.04222

YH-opt-X 0.75 10 0.20 15.96543 15.96543 15.96154 16.11387
JH-opt-(x,w) 0.75 10 0.20 16.08546 16.05837 16.02300 16.06215
9(XW)comp 0.75 10 0.20 1596543 15.96543 15.96154 16.11387
Inaive-(x,wy  0.75 10 0.30 16.15155 16.16522 16.00708 16.01164
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Regime m K afp 0=1 6=095 6=07 6=0.5
GH-opt-X 0.75 10 0.30 15.96543 15.96543 15.96719 16.10600
IH-opt-(X,W) 0.75 10 0.30 16.13356 16.13441 16.01191 16.04315
9(X,W)-comb 0.75 10 0.30 15.96543 15.96543 15.96719 16.10600
Prior: m =095, k =3
Inaive-(x,wy 0.95 3 0.05 16.00155 16.03738 16.03168 16.11594
JH-opt-X 095 3 0.0 1596543 15.96543 15.96543 16.10314
IH-opt-(x,w)  0.95 3 0.05 15.99616 15.98992 15.96958 16.09944
9(X,W)-comb 095 3 0.05 1596543 15.96543 15.96543 16.10314
Inaive-(x,w)  0.95 3 0.10 16.03789 16.07827 16.01977 16.07743
JH-opt-X 095 3 0.10 15.96543 15.96543 15.96543 16.12250
JH-opt-(x,w)  0.95 3 0.10 16.03719 16.00535 15.96645 16.09248
9(X,W)-comb 095 3 0.10 15.96543 15.96543 15.96543 16.12250
Inaive-(x,wy 0.95 3 020 16.11195 16.14463 16.01508 16.04076
JH-opt-X 095 3 0.20 15.96543 15.96543 15.96266 16.10723
IH-opt-(x,wy 095 3 0.20 16.11052 16.07163 16.01641 16.04481
9(X,W)-comb 095 3 0.20 15.96543 15.96543 15.96266 16.10723
Inaive-(x, ) 0.95 3 0.30 16.14774 16.16626 15.99449 16.00947
JH-opt-X 095 3 0.30 15.96543 15.96543 15.96610 16.10412
IH-opt-(x,wy  0.95 3 0.30 16.14504 16.13222 16.00060 16.02549
9(X,W)-comb 095 3 0.30 15.96543 15.96543 15.96610 16.10412
Overall and reference regimes
Gcomb - — 0.05 15.96543 15.96543 15.96543 16.10283
Ycomb - — 0.1 15.96543 15.96543 15.96543 16.12239
Gcomb - — 0.2 1596543 15.96543 15.96266 16.10752
Gcomb - - 0.3 1596543 15.97020 15.96522 16.10612
Jfreq - - - 15.96543 15.96543 15.96543 15.97378
Owithhold-all  — — - 15.96543 15.96543 15.96543 15.96543
Gtreat-all - - - 15.92373 15.92373 15.92373 15.92373
n = 2000
Prior: m =0.50, kK =3
Inaive-(x, ) 0.50 3 0.05 16.10184 16.10342 16.15629 16.05831
JH-opt-X 050 3 0.05 1596543 15.96543 16.07892 16.08307
IH-opt-(x,wy  0.50 3 0.05 16.09501 16.01131 16.01158 16.07478
9(X,W)-comb 0-50 3 0.05 15.96543 15.96543 16.07892 16.08307
Inaive-(x,w) 050 3 0.10 16.13747 16.15033 16.15386 16.03641
JH-opt-X 050 3 0.10 15.96543 15.96543 16.09842 16.06843
JH-opt-(x,w) 0.50 3 0.10 16.13039 16.04527 16.03846 16.09792

57

Continued on next page
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Regime m K afp 0=1 6=095 6=07 6=0.5
9(X,W)-comb 050 3 0.10 15.96543 15.96543 16.09842 16.06843
Inaive-(x, ) 0.50 3 0.20 16.17283 16.18667 16.14578 15.98933

YH-opt-X 0.50 3 0.20 15.96543 15.96543 16.10657 16.05644
IH-opt-(x,wy 050 3 0.20 16.16901 16.09752 16.12356 16.10292
9XW)comp 050 3 0.20 15.96543 15.96543 16.10657 16.05644
Inaive-(x,w) 050 3 0.30 16.21192  16.19263 16.12267 15.97789

9H-opt-X 0.50 3 0.30 15.96543 15.96543 16.11657 16.03516
Giopi-xwy 050 3 0.30 1620042 16.14118 16.18823 16.04264
9(XW)comb 050 3 0.30 15.96543 15.96543 16.11657 16.03516
Prior: m =0.50, k=5
Inaive-(x, ) 0.50 5 0.05 16.10056 16.10101 16.15962 16.05701

YH-opt-X 0.50 5 0.05 15.96543 15.96543 16.07410 16.07931
IH-opt-(x,w) 050 5 0.05 16.09139 16.00748 16.01335 16.04801
9XW)comp 050 5 0.05 1596543 15.96543 16.07410 16.07931
Inaive-(x,w) 050 5 0.10 16.13566 16.15059 16.15499 16.03613

9H-opt-X 0.50 5 0.10 15.96543 15.96543 16.09661 16.06843
IH-opt-(x,w)  0.50 5 0.10 16.12442 16.03455 16.03922 16.10088
9(XW)comb 050 5 0.10 1596543 1596543 16.09661 16.06843
Inaive-(x, ) 0.50 5 0.20 16.17349 16.18569 16.14742 15.98916

9H-opt-X 0.50 5 0.20 15.96543 15.96543 16.10770 16.05385
IH-opt-(x,w) 050 5 0.20 16.16567 16.09745 16.13086 16.10790
9(X,W)-comb 050 5 0.20 15.96543 15.96543 16.10770 16.05385
Inaive-(x,w) 050 5 0.30 16.20709 16.19588 16.12888  15.97308

YH-opt-X 0.50 5 0.30 15.96543 15.96543 16.11657 16.03656
JH-opt-(x,w) 0.50 5 0.30 16.19744 16.13221 16.18561 16.06135
9(XW)comb 050 5 0.30 15.96543 15.96543 16.11657 16.03656
Prior: m = 0.50, k =10
Inaive-(x,w)  0.50 10 0.05 16.09919 16.09813 16.15610 16.05770

9H-opt-X 0.50 10 0.05 15.96543 15.96543 16.07954 16.08516
IH-opt-(x,w)  0.50 10 0.05 16.08311 16.01416 16.00769 16.03729
9(X,W)-comb 050 10 0.05 15.96543 15.96543 16.07954 16.08516
Inaive-(x,w)  0.50 10 0.10 16.13566 16.15157 16.15418 16.03808

YH-opt-X 0.50 10 0.10 15.96543 15.96543 16.09866 16.06946
JH-opt-(x,w) 0.50 10 0.10 16.11039 16.03256 16.03927 16.08228
9(XW)-comp 0.50 10 0.10 15.96543 15.96543 16.09866 16.06946
Inaive-(x,wy  0.50 10 0.20 16.17239 16.18458 16.14857 15.98778

9H-opt-X 0.50 10 0.20 15.96543 15.96543 16.10720 16.05544
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Regime m K afp 0=1 6=095 6=07 6=0.5
IH-opt-(x,w)  0.50 10 0.20 16.14866 16.08999 16.12449 16.11128
9(X,W)-comb 050 10 0.20 15.96543 15.96543 16.10720 16.05544
Inaive-(x,w)  0.50 10 0.30 16.20800 16.19203 16.12900 15.97789

9H-opt-X 0.50 10 0.30 15.965643 15.96543 16.11657 16.03642
IH-opt-(x,wy  0.50 10 0.30 16.18136 16.13042 16.18511 16.09349
9(XW)-comp 0.50 10 0.30 15.96543 15.96543 16.11657 16.03642
Prior: m =0.75, k =3
Inaive-(x,wy 0.75 3 0.05 16.10094 16.10534 16.15820 16.05661

9H-opt-X 0.75 3 0.05 15.96543 15.96543 16.07781 16.08417
IH-opt-(x,w)  0.75 3 0.05 16.09949 16.01260 16.01420 16.10806
9(X,W)-comb 0.75 3 0.05 15.96543 15.96543 16.07781 16.08417
Inaive-(x,wy  0.75 3 0.10 16.13273 16.15393 16.15161 16.03771

9H-opt-X 0.75 3 0.10 15.965643 15.96543 16.09921 16.06810
IH-opt-(x,wy  0.75 3 0.10 16.13126 16.05090 16.04401 16.09454
9(XW)comp 0.75 3 0.10 1596543 15.96543 16.09921 16.06810
Inaive-(x,wy 0.75 3 020 16.17430 16.18717 16.14879 15.99407

9H-opt-X 0.75 3 0.20 15.96543 15.96543 16.10910 16.05644
IH-opt-(x, ) 075 3 020 16.17049 16.09843 16.12644 16.06576
9(XW)comb 0.75 3 0.20 1596543 1596543 16.10910 16.05644
Inaive-(x, ) 0.75 3 030 16.21123 16.19887 16.12884 15.97766

H-opt-X 0.75 3 0.30 15.96543 15.96543 16.11657 16.03656
IH-opt-(x,wy  0.75 3 0.30 16.20660 16.14049 16.18733 16.00592
9(X,W)-comb 075 3 0.30 15.96543 15.96543 16.11657 16.03656
Prior: m =0.75, k=5
Inaive-(x,wy 0.75 5 0.05 16.10121 16.10541 16.15629 16.05703

9H-opt-X 0.75 5 0.05 15.96543 15.96543 16.07762 16.08479
IH-opt-(x,wy 075 5 0.05 16.09859 16.01283 16.01508 16.09854
9XW)comb 0.75 5 0.05 1596543 1596543 16.07762 16.08479
Inaive-(x, ) 0.75 5 0.10 16.13621 16.15477 16.15166 16.03626

9H-opt-X 0.75 5 0.10 15.96543 15.96543 16.09619 16.06620
IH-opt-(x,wy  0.75 5 0.10 16.12995 16.04656 16.04036 16.08576
9(X,W)-comb 0.75 5 0.10 15.96543 15.96543 16.09619 16.06620
Inaive-(x,wy  0.75 5 020 16.17298 16.18443 16.14683 15.99241

YH-opt-X 0.75 5 0.20 15.96543 15.96543 16.10848 16.05601
JH-opt-(x,w)  0.75 5 0.20 16.16937 16.09771 16.12429 16.07387
9XW)comb 0.75 5 0.20 1596543 15.96543 16.10848 16.05601
Inaive-(x,wy  0.75 5 0.30 16.20923 16.19687 16.12803 15.97572
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Regime m K afp 0=1 6=095 6=07 6=0.5
JH-opt-X 0.75 5 0.30 15.96543 15.96543 16.11657 16.03381
IH-opt-(x,w)  0.75 5 0.30 16.20058 16.14250 16.18836 16.01735
9XW)comp 0.75 5 0.30 1596543 15.96543 16.11657 16.03381
Prior: m =0.75, k =10
Inaive-(x,wy  0.75 10 0.05 16.10176 16.10388 16.15404 16.05798
9H-opt-X 0.75 10 0.05 15.96543 15.96543 16.07616 16.08488
IH-opt-(x,w)  0.75 10 0.05 16.08988 16.01099 16.01341 16.09854
9(X,W)-comb 0.75 10 0.05 15.96543 15.96543 16.07616 16.08488
Inaive-(x,w)  0.75 10 0.10 16.13689 16.15714 16.15243  16.0361
JH-opt-X 0.75 10 0.10 15.96543 15.96543 16.09533 16.06843
JH-opt-(x,w)  0.75 10 0.10 16.12347 16.04011 16.03771 16.09183
9(XW)comp 0.75 10 0.10 15.96543 15.96543 16.09533 16.06843
Inaive-(x,wy  0.75 10 0.20 16.17159 16.18744 16.14479 15.99132
9H-opt-X 0.75 10 0.20 15.96543 15.96543 16.10720 16.05255
IH-opt-(x,wy  0.75 10 0.20 16.16390 16.09566 16.13142 16.08739
9(X,W)-comb 0.75 10 0.20 15.96543 15.96543 16.10720 16.05255
Inaive-(x, ) 0.75 10 0.30 16.21139 16.19741 16.12838 15.97322
9H-opt-X 0.75 10 0.30 15.96543 15.96543 16.11657 16.03287
IH-opt-(x,wy  0.75 10 0.30 16.19780 16.13710 16.18865 16.03146
9(X,W)-comb 0.-75 10 0.30 15.96543 15.96543 16.11657 16.03287
Prior: m=0.95, k=3
Inaive-(x,wy  0.95 3 0.05 16.10094 16.10704 16.15654 16.05830
9H-opt-X 0.95 3 0.05 15.96543 15.96543 16.07718 16.08034
IH-opt-(x,wy 095 3 0.05 16.09977 16.01131 16.01270 16.08085
9(X,W)-comb 095 3 0.05 1596543 15.96543 16.07718 16.08034
Inaive-(x, ) 0.95 3 0.10 16.13689 16.15221 16.15244 16.03619
9H-opt-X 0.95 3 0.10 15.96543 15.96543 16.09842 16.07136
IH-opt-(x,wy  0.95 3 0.10 16.13689 16.04677 16.04079 16.05509
9(X,W)-comb 095 3 0.10 15.96543 15.96543 16.09842 16.07136
Inaive-(x,wy  0.95 3 0.20 16.17383 16.18847 16.14631 15.99015
GH-opt-X 0.95 3 0.20 15.96543 15.96543 16.10960 16.05566
JH-opt-(x,w)  0.95 3 020 16.17383 16.09998 16.12018 16.00074
9(XW)comb 095 3 0.20 1596543 15.96543 16.10960 16.05566
Inaive-(x,wy 0.95 3 0.30 16.21418 16.20022 16.12632 15.97789
9H-opt-X 0.95 3 0.30 15.96543 15.96543 16.11657 16.03523
IH-opt-(x,w)  0.95 3 0.30 16.21081 16.14285 16.18970 15.98077
9(X,W)-comb 095 3 0.30 15.96543 15.96543 16.11657 16.03523
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Regime m Kk or 0=1 0=09 6=07 0=05
Overall and reference regimes
Jcomb - - 0.05 15.96543 15.96543 16.07781 16.08417
Jcomb - - 0.1 15.96543 15.96543 16.09921 16.0681
Jcomb - - 0.2 15.96543 15.96543 16.11331 16.05644
Jcomb - - 0.3 1596543 15.96543 16.12476 16.03581
Jfreq - - —  15.96543 15.96747 15.96543 15.96543
Jwithhold-all ~ — - —  15.96543 15.96543 15.96543 15.96543
Jtreat-all - - - 15.92373 15.92373 15.92373 15.92373
n = 4000
Prior: m =0.50, k=3
Inaive-(x,w)  0.50 3 0.05 16.17072 16.19659 16.19467 16.07561
GH-opt-X 0.50 3 0.05 15.96543 15.96543 16.15976 16.09629
IH-opt-(x,w) 050 3 0.05 16.16489 16.03864 15.98586 15.97284
9(XW)comb 050 3 0.05 1596543 15.96543 16.16457 16.09629
Inaive-(x,w)  0.50 3 0.10 16.22500 16.21928 16.16428 16.04709
9H-opt-X 0.50 3 0.10 15.96543 15.96543 16.17468 16.09734
JH-opt-(x,w)  0.50 3 0.10 16.20780 16.07589 16.02459 16.01985
9(X,W)comp 050 3 0.10 15.96543 1596543 16.18045 16.09734
Inaive-(x,w)  0.50 3 0.20 16.30258 16.23391 16.13384 16.01657
9H-opt-X 0.50 3 0.20 15.96543 15.96543 16.19173 16.09552
IH-opt-(x,w) 050 3 0.20 16.29755 16.12047 16.07518 16.05946
(X, W)-comb 0.50 3 0.20 15.96543 15.96543 16.20129 16.09552
Inaive-(x,w)  0.50 3 0.30 16.33334 16.26217 16.10568 15.98761
JH-opt-X 0.50 3 0.30 15.96543 15.96543 16.19561 16.07864
JH-opt-(x,w)  0.50 3 0.30 16.33167 16.15215 16.12140 16.06302
9(X,W)-comb 050 3 0.30 15.96543 15.96543 16.20750 16.07864
Prior: m =0.50, k=5
Inaive-(x,w)  0.50 5 0.05 16.17220 16.19433 16.19632 16.07574
9H-opt-X 0.50 5 0.05 15.96543 15.96543 16.15747 16.09655
IH-opt-(x,w) 0.50 5 0.05 16.16613 16.03886 15.98443 15.95828
9(X,W)-comb 0.50 5 0.05 15.96543 15.96543 16.16284 16.09655
Inaive-(x, ) 0.50 5 0.10 16.21963 16.21868 16.16528 16.04462
JH-opt-X 0.50 5 0.10 15.96543 15.96543 16.17068 16.09888
IH-opt-(x,w)  0.50 5 0.10 16.20599 16.07539 16.02300 16.01495
9(X,W)-comb 050 5 0.10 1596543 15.96543 16.17702 16.09888
Inaive-(x, ) 0.50 5 0.20 16.30380 16.23481 16.13967 16.01538
9H-opt-X 0.50 5 0.20 15.96543 15.96543 16.19335 16.09390
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Regime m K afp 0=1 6=095 6=07 6=0.5
IH-opt-(x,w) 050 5 0.20 16.28571 16.11939 16.07992 16.06152
9(X,W)-comb 050 5 0.20 15.96543 15.96543 16.20347 16.09390
Inaive-(x,w) 050 5 0.30 16.33364 16.25989 16.10581  15.98626

YH-opt-X 0.50 5 0.30 15.965643 15.96543 16.19561 16.07836
IH-opt-(x,w)  0.50 5 0.30 16.33206 16.14835 16.12618 16.06312
9(XW)comb 050 5 0.30 15.96543 15.96543 16.20806 16.07836
Prior: m = 0.50, k=10
Inaive-(x,wy  0.50 10 0.05 16.17298 16.19422 16.19310 16.07549

9H-opt-X 0.50 10 0.05 15.96543 15.96543 16.15885 16.09398
IH-opt-(x,w)  0.50 10 0.05 16.15916 16.03428 15.98562 15.96475
9(X,W)-comb 0-50 10 0.05 15.96543 15.96543 16.16456 16.09398
Inaive-(x,w)  0.50 10 0.10 16.22271 16.21857 16.16398 16.04600

YH-opt-X 0.50 10 0.10 15.965643 15.96543 16.17464 16.09791
IH-opt-(x,w)  0.50 10 0.10 16.19276 16.06995 16.02381 16.01601
9(XW)-comp 0.50 10 0.10 1596543 15.96543 16.18214 16.09791
Inaive-(x,wy  0.50 10 0.20 16.30452 16.23404 16.13587 16.01555

9H-opt-X 0.50 10 0.20 15.96543 15.96543 16.19335 16.09576
IH-opt-(x,w) 050 10 0.20 16.27325 16.11766 16.07111 16.06384
9(XW)comb 050 10 0.20 15.96543 15.96543 16.20462 16.09576
Inaive-(x,w)  0.50 10 0.30 16.33523 16.25887 16.10854 15.98896

H-opt-X 0.50 10 0.30 15.96543 15.96543 16.19635 16.08074
IH-opt-(x,w)  0.50 10 0.30 16.32716 16.14882 16.12211 16.06202
9(X,W)-comb 0-50 10 0.30 15.96543 15.96543 16.20994 16.083074
Prior: m =0.75, k=3
Inaive-(x,wy 0.75 3 0.05 16.17038 16.19752 16.19462 16.07261

9H-opt-X 0.75 3 0.05 15.96543 15.96543 16.15838 16.09845
IH-opt-(x,wy 075 3 0.05 16.16601 16.04032 15.98840 15.97621
9XW)comb 0.75 3 0.05 1596543 1596543 16.16411 16.09845
Inaive-(x, ) 0.75 3 0.10 16.22525 16.22095 16.16448 16.04577

9H-opt-X 0.75 3 0.10 15.96543 15.96543 16.17415 16.10126
IH-opt-(x,w)  0.75 3 0.10 16.22349 16.07703 16.02419 16.02607
9(X,W)-comb 0.75 3 0.10 15.96543 15.96543 16.18084 16.10126
Inaive-(x,w)  0.75 3 0.20 16.30277 16.23559 16.13757  16.0144

YH-opt-X 0.75 3 0.20 15.96543 15.96543 16.19112 16.09940
JH-opt-(x,w)  0.75 3 0.20 16.30062 16.12192 16.08122 16.06664
9(XW)comp 0.75 3 0.20 1596543 15.96543 16.20071 16.09940
Inaive-(x,wy 0.75 3 0.30 16.33570 16.26292 16.10646 15.98527

62

Continued on next page



Table 4 — continued from previous page

Regime m K afp 0=1 6=095 6=07 6=0.5
9H-opt-X 0.75 3 0.30 15.96543 15.96543 16.19548 16.07543
IH-opt-(x,w)  0.75 3 0.30 16.33334 16.15027 16.12946 16.05690
9(XW)comp 0.75 3 0.30 15.96543 1596543 16.20739 16.07543
Prior: m =0.75, k=5
Inaive-(x,wy  0.75 5 0.05 16.17056 16.19740 16.19373 16.07833
9H-opt-X 0.75 5 0.05 15.96543 15.96543 16.16012 16.09483
IH-opt-(x,w)  0.75 5 0.05 16.16720 16.04170 15.99093 15.98180
9(X,W)-comb 0.75 5 0.05 15.96543 15.96543 16.16406 16.09483
Inaive-(x,w)  0.75 5 0.10 16.22349 16.21868 16.16530 16.04600
JH-opt-X 0.75 5 0.10 15.96543 15.96543 16.17867 16.09871
JH-opt-(x,w)  0.75 5 0.10 16.21653 16.07701 16.02534 16.02363
9XW)comp 0.75 5 0.10 1596543 15.96543 16.18357 16.09871
Inaive-(x,wy 0.75 5 0.20 16.30517 16.23328 16.13808 16.01440
9H-opt-X 0.75 5 0.20 15.96543 15.96543 16.19112 16.09575
IH-opt-(x,wy 075 5 0.20 16.30238 16.12015 16.08518 16.06006
9(X,W)-comb 0.75 5 0.20 15.96543 15.96543 16.19893 16.09575
Inaive-(x, ) 0.75 5 0.30 16.33345 16.26355 16.10546 15.98689
9H-opt-X 0.75 5 0.30 15.96543 15.96543 16.19474 16.07977
IH-opt-(x,w)  0.75 5 0.30 16.33246 16.14909 16.13217 16.06390
9(X,W)-comb 0-75 5 0.30 15.96543 15.96543 16.20487 16.07977
Prior: m =0.75, k =10
Inaive-(x,wy  0.75 10 0.05 16.17020 16.19497 16.19542 16.07842
9H-opt-X 0.75 10 0.05 15.96543 15.96543 16.15522 16.09848
IH-opt-(x,wy  0.75 10 0.05 16.16256 16.03949 15.99138 15.98008
9(X,W)-comb 0.75 10 0.05 15.96543 15.96543 16.16003 16.09848
Gaivexwy 075 10 0.10 16.22373  16.21618 16.16544  16.04600
9H-opt-X 0.75 10 0.10 15.96543 15.96543 16.17162 16.10291
IH-opt-(x,wy  0.75 10 0.10 16.20699 16.07663 16.02550 16.02692
9(X,W)-comb 0.75 10 0.10 15.96543 15.96543 16.17850 16.10291
Inaive-(x,w)  0.75 10 0.20 16.30410 16.23931 16.13718 16.01440
9H-opt-X 0.75 10 0.20 15.96543 15.96543 16.19290 16.09717
IH-opt-(x,w) 0.75 10 0.20 16.29190 16.11932 16.08004 16.06066
9(XW)comb 0.75 10 0.20 1596543 15.96543 16.20170 16.09717
Inaive-(x,wy  0.75 10 0.30 16.33390 16.26437 16.10660 15.98761
9H-opt-X 0.75 10 0.30 15.96543 15.96543 16.19409 16.07894
IH-opt-(x,w)  0.75 10 0.30 16.33198 16.14841 16.13459 16.06060
9(X,W)-comb 0.75 10 0.30 15.96543 15.96543 16.20521 16.07894
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Regime m K ar 6=1 6=095 6=075 §6=05
Prior: m =0.95, k=3
Inaive-(x, ) 0.95 3 0.05 16.16913 16.19752 16.19462 16.07261
9H-opt-X 0.95 3 0.05 15.96543 15.96543 16.15517 16.09514
IH-opt-(x,w)  0.95 3 0.05 16.16913 16.03982 15.99054 15.98385
I(X,W)-comb 0.95 3 0.05 15.96543 15.96543 16.15999 16.09514
Inaive-(x,w) 095 3 0.10 16.22474 16.22095 16.16448 16.04577
GH-opt-X 0.95 3 0.10 15.965643 15.96543 16.17145 16.10029
IH-opt-(x,w)  0.95 3 0.10 16.22474 16.07783 16.02617 16.02868
9(XW)comp 095 3 0.10 1596543 1596543 16.17723 16.10029
Inaive-(x,w)  0.95 3 0.20 16.30303 16.23559 16.13757 16.01440
9H-opt-X 0.95 3 0.20 15.96543 15.96543 16.19143 16.09616
JH-opt-(x,w)  0.95 3 0.20 16.30303 16.12443 16.07903 16.06878
9(X,W)comp 095 3 0.20 1596543 1596543 16.20099 16.09616
Inaive-(x, ) 0.95 3 0.30 16.33462 16.26292 16.10646 15.98527
9H-opt-X 0.95 3 0.30 15.96543 15.96543 16.19635 16.07725
IH-opt-(x,w)  0.95 3 0.30 16.33345 16.15219 16.13191 16.06100
9(X,W)-comb 0.95 3 0.30 15.96543 15.96543 16.20823 16.07725
Overall and reference regimes
Jcomb - — 0.05 15.96543 15.96543 16.16376 16.09845
Jcomb - - 0.1 15.96543 15.96543 16.18503 16.10126
Jcomb - - 0.2 15.96543 15.96543 16.21079 16.10185
Jcomb - — 0.3 15.96543 15.96783 16.22043 16.07646
Jfreq - - — 16.03692 15.96543 15.96543 15.96096
Jwithhold-all ~ — - — 1596543 15.96543 15.96543 15.96543
Jtreat-all - - — 15.92373 15.92373 15.92373 15.92373
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